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INTRODUCTOEY REMARKS. 



As the title of this volume indicates, its object is to develope peculiarities 
in the Ellipsoid ; and, farther, to establish analogous properties in the un- 
limited congeneric series of which this remarkable surface is a constituent. 

The more conspicuous Singularities which have been evolved are enume- 
rated in the Table of Contents ; among them it seems desirable to specif j 
more pointedlj, and as briefly as possible, those which follow. 

(1.) — ^The relation of the Circle-ordinate u to the co-ordinates. This 
relation is first noticed in (6), p. 2 ; and will be found to pervade the whole 
subsequent investigation. (2.)— The equation (13), p. 4; and the cognate 
relations developed throughout Chapter IV. (3.) — ^The series of equations 
exhibited in page 8. (4.) — ^The very peculiar relation of the intercept p„ to 
the co-ordinates, investigated for the Ellipsoid in (4), p. 10; and, for the 
General Surface, in (4), p. 22. 5. — ^The summary of General Formulae com- 
mencing at p. 23. In the Table of Errata it is pointed out that the forms 
(5) (8) (9) are erroneous, and the requisite corrections have been there intro- 
duced. 6. — The remarkable system of equations representing successive planes 
in the ellipsoid, p. 30 ; and tangent-planes, p. 33. 7. — ^The developments of 
Chapter III. The geometrical peculiarities detected by means of these 
developments, pp. 51 and 56, deserve to be particularised. (8.) — ^The 
singular series of expressions for the tangent perpendicular in consecutive 
surfaces. (9.)— Properties of the Circle-ordinates in pp. 97 and 102. 
(10.)— The axes of the «tth derived ellipsoid, p. 109. (11.)— Singular rela- 
tions involving the Circle-ordinates in consecutive surfaces, p. 113. (12.) — 
The singular relations combining consecutive co-ordinates and constants, in 
different surfaces, p. 125. (13.) — The relation uniting the Circle-ordinates 
in any three consecutive surfaces (XXXII), p. 130. (18 ) — ^The singular 
equation connecting successive Circle-ordinates in the general surface, p. 1312. 

In Chapter YI, relating to the Ellipsoid, the area of a plane section, which 
is determined under the most general circumstances, has a singular symmetry 
of expression. It is possiblf; that this result may be otherwise obtained in 
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some more compendious way, although no method more convenient has 
occurred to the author. The identification of the area with a second ortho- 
graphical projection of the parallel central section, given at page 140, illus- 
trates the clearness of interpretation which may attach to results of a purely 
analytical character, by reference to their geometrical equivalence. In 
applying the expression for a sectional area to the Volume of any portion of the 
solid limited by parallel planes, we are led to results of no ordinary 'simplicity 
regarding the volume or mass ; while the extension of this investigation in 
determining the attractive force, under the hypothesis that the attraction 
varies directly with the distance, may not be without its value, in the con- 
sideration of problems relating to this subject. 

With reference to this point, it should be remarked that, in the formula 
(2), page 14-8, the Density may be assumed to be any function of the distance, 
although, in the subsequent propositions, it has been taken as constant. That 
illustrations in greater detail, as well on this, as on some other topics, have 
not been given, must be attributed to the narrow limits within which the 
writer has been unavoidably restricted. 

If it is of acknowledged difficulty in the present day, to bring forward 
anything of novelty in mathematical researches, yet it may be hoped that 
such attempts are not often altogether futile, when entered upon in the 
spirit which is anxious for the investigation of Truth, and desires to add its 
contribution to the treasury of Science. 

To do this, in some degree, is the design of the investigations exhibited 
in the following pages. For whatever defect in its execution may be apparent, 
the reader's indulgence is requested ; while, for the recognition of whatever 
truth has been elicited, the author is content to rest upon the candour of an 
impartial jadgment. 
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CHAPTER I. 



(I.) In the following pages it is proposed to inyestigate some singular 
relations which exist between lines connected with the Ellipsoid, and with 
the surface represented by the general equation, 

The properties of the ellipsoid will be considered in the first instance, the 
examination being afterwards extended to the general surface. 

Let us suppose a tangent plane to be drawn at any point P on the 

ellipsoid (fig. 1), being the centre ; let OP = r be the radius vector 

vn to the point of contact from the centre; Op z= p the perpen-* 

alar from the centre upon the tangent plane; OP^ = r, the radius 

ccor intercepted upon this perpendicular between the surface and its 

ntre ; we may then shew that these three lines are connected by the 

liquation, 

r&fr^ - (a3 + ^3 + (?)p^r? + {aH^ + a^t? + b^<^ rf - aH'^t? = : 

in which a d c are the semiaxes of the surface. 

(II.) Let ^ 1/ { be the general co-ordinates of the tangent*plane, 
xy z any point on the ellipsoid ; these two surfaces are defined by the 
equations, 

(1) 
(2) 



a2 




-^ 


= 1. 


xi 
■? 


+ 9 


^i 


= 1. 
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The equations of the peipendicular from the oeniK upon the tangent 
plane are, 

i^zi - (Pxi = 01 ,„ 

p^ - cVt = 0/- ^"^ 

By combining (2) and (3) we obtain the usual expression totp, 

Let x^ Iff Zf be co-ordinates of the point in which p intersects the surface, 
then for the determination of these quantities there are the equations, 

^3 «/3 ^2 

It + ft + /^ - 1 

a^zXf — c^xZf = 0; i^zy^ — c^jfz^ = 0; 
from which, after assuming 

J + F + ?- = i' ^^> 

we find ad the Ydtiel^ of the co-ordinates of intersection, 

from which it appears that the line reipresented by w is a mean propor- 
tiraial toj^andr^. 

Hence we have, for the elimination oi xy z^ the four equations, 



1^ 

IF 


+ 


^ 


+ 


2« 


= 


1 

7^ 


«« 


+ 


9' 


+ 


«» 


:^ 


r* 
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ao) 

It should be here remarked that the auxiliary symbol u, emple^ed in 
the reduction, has the foUowing geometrical signification. 

Jjfi the radius OP^ be produced to meet the surface on the opposite 
side in the point Q; P^OQ is then a diameter, and OQ = fr ^^ 
Q^ describe a semicircle in the plane OPF^ , apd draw the ordinate OL : 
then, 

0L3 = OQ X Op = jpr,. 

Consequently, u is equal to the line OL ; which it is obfious might equally 
well be taken as the ordinate of any other drde, or a semichord of 
the sphere, described 0|i Qj^ as diameter. 

(m.) In eliminating xj^e from the four equations last written, it is 
conyenient to adopt the notation, 

_ J_ l_ _ J_ 

80 that the suffixed symbols shall be subject to the law of indices ; e.g. 
Ob Ob s;: «a+B : then. 



aa!» + i%» + y2» = 1 


(7) 


a,a» + p^ + y,«» = P 


(8) 


«.«» + /5.y + y.** = Q 


(9) 


wnting, ^ _ P ; ^^i =; Q. 




By employing indetennhutte moltiplien, we sliall find. 





*^ -- a (a- P) (a- y) 

-I „ - gy + (g + Y) P - Q . 

r ^ /9 (. - /ff) 08 - y) / (11) 



* 



afi - (g + /3) P + Q 

y (« - y) 08 - y) 
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Now, when x y z aie eliminated from the equation (10), there will be 
found, 

r* = A — BP + CQ; (12) 

if we make, 

a)8 ay By 

r(a-y)08-r) ~ P(a-^P)(^^y) + a(a-i8)(a-y) = «'+*'+^- 

^ = r(a-7)08~y) - ^(a-i8)(/3-y) + a(a-i8)(a-y) = ^'*'"'- 

Hence the relation between rjw^ becomes, finally, 

^pW - (aH*Hc2) ^V + (a^^+aV-h^^V) r^ - a^^c^ = (13) 

Cob. 1. If we suppose r = p = r^ this equation resolves itself 
into, 

(r« - a») (r« - 5») (r« - c») = ; 

shewing that the assumed equality can exist only on the principal axes 
of the surface, as we know to be the case a priori: and if a = d = c, 
the surface being spherical, this equation is reduced to 

If any one of the axes is supposed to be evanescent, r^ disappears 
from the equation, which becomes that of the corresponding plane elliptic 
section. For example, let c = o, then, 

(fli H- i« - r»)jp» = aH*. 

CoK. 2. It is to be observed that the co-efficients and indices in (13) 
follow the law of combination which determines those of a complete cubic 
equation. 

Cob. 3. When any axis of the ellipsoid is supposed to booome in- 
finite, that surface passes into an elliptic cylinder, and the equation (13) 
ought to exhibit the relation between p and r, in the plane ellipse. 
Writing c = oo , we find. 
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(a« + i» ~ ^») r,» = aH^ ; 

which will appear, by an iudependent elimination, to be the proper relation 
in the ellipse defined by, 

^ + yl = 1. 
a^ ^ b^ 

Cob. 4. A curious analogy exists between the foregoing form and 
the relation between p and r in the same ellipse, which is, 

(at + d« - r»)i?« = aH^. 

By a comparison of the two equations it will be perceived that, if a 
point is taken on the ellipse at which the radius vector is equal to any 
tangent-perpendicular, the intercept on the first perpendicular will be 
always equal to the tangent-perpendicular corresponding to that point. 

(lY.) Let us now suppose a series of points on the surface, whose 
positions derive from one another consecutively, in the same manner as 
P^ is determined by P ; that is to say, Pm is a point in which the surface 
is cut byjpm_i the perpendicular upon the tangent plane of Pm^i : rm is 
the intercept upon i?m_i, or the radius vector of Pm : a?m ym ^m the 
rectangular co-ordinates of Pm: we have then the following series of 
equalities, 

i - ^ yl. f!_ 

2. - ?^ . ?^! . fL. 
. p? '^. a^ "^ b^ "^ c4* 



i^m^ ■" a* ■•" 4* "^ c** 

Again, considering the lines analogous to u which correspond to the 
consecutive points, we have the series. 



Jl - ^ 2i fL 

W* - fl« + i« + c«' 

L ^ ^1 ^ yl ^ ± 

uf' "" a6 "^ i« "^" c«* 



Vm^ 



-H -T' 



i« "^ c« 
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But. ,. = (±)V, y, = (!)%., ,, = (±)\.. 
and, at the law of deriyation is nnifonn throughout the aeries, 

••• ••• ••• ••• ••• ••• 

hence will be obtained the general expressions, 

'--(^)'(^)'-(f)V 
--(^)'(^)'-(t)'- 

Cob. The ratios of the nfi^ co-ordinates vary as the ratios of the 
first co-ordinates; for. 



arm /'iY'"£. ?^«. (lY^t. &» (tY^' 



arm 

y« 

or, a?m : ym : «m :: (^c)*»a? : (ac)*"^ : (a5)»"»4r. 



(V.) We have next to calcolate p^ p^^ ..• «'««»' ..., employing 
the formnlae of the last article ; 

L ^^ j^yJL A^^-L 
1 ,5a?« f z^ \ 

similarly, _, - ii*«*[^3 + JlT + 355 



and, generally, 






. / «* y' ** "I 
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1 f a?« tfl «» 1 

and, generally, 

Now it baa been shewn that tfi z= pr,; and^ by the nnifonnity of the 
bw of deriyation we shall haye, oonsequently, 

^? = Pi ^1 ; ««' = i^i ^« ; «•* « />« ^4 ; — 

Employing these equiyalents in the reduction of the preceding ex- 
pressions, and writing 2 to indicate the sum of three analogous quantities, 
we obtain. 






P, 
J 
P 
J 
Pi 



-J. « /»„i.r„' ... i^r; S (355)- 






1 - «. 



« 



P,'% 



i'i'-; 



j^, = P.'r,'p'r» s(Q 



S 



^;t1t; = /^.i.r„'j^i.r.^ •••i'"^'2(:£ 
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(YI.) After the preceding results have been arranged in order, we 
find that the following remarkable series of equations is derived from the 
co-ordinates of any point x^fz in the ellipsoid; according to the law 
previously stated : 

KS) = ■ 

z('-) l- 

\a^/ p'r* 

sf^L^ = 1 

y ( ^' \ ^ 1 

It is to be noted, both in these and the foregoing expressions, that 

po =z p ; Uo = U. 

(Vn.) The expression for Um may be used to simplify the co- 
ordinates of the nfi^ point of contact ; for, since 

let the suffix m be lowered by unity ; then, assuming o to be a line s^ch 
that 

we have, %J^\ «mi« .... »* = »•"*. 
Hence the values of a?m ym sim in (FV) become, 



xm = I —/""*• 



= (t)' 
*- = (f)'V 
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(Vni.) A plane ABC (fig. 1), bong dnmtk through conrespondiiig 
extreme points of the three axes of the ellipsoid^ we proceed to ascertain 
the co-ordinates of the points in which it is pierced ty consecutive tangent- 
perpendicuhirs p Pf ... prm generated in tlte manner before described. 
'It will be seen that this investigation leads to a series of equations similar 
in form to those of (VI), but containing only the uneven powers of 
ab c in the denominators ; those which have already been determined 
containing only the even powers. 

If ^ i; { are co-ordmates of the plane, it may be represented by the 
equation, 

4 + 1 + T = > » 

The radius vector r to the first point xyz will be given by the two 
equations, 

xrf — a?f = 0. Z7f — ifi =z 0. (2) 

At the point in which the given plane is pierced by this line (rf i aiQ 
coincident in (1) and (2), and we obtain, 

(^ + X + ±)1 = 1. 

Now assume w a number, such that, 
X y z 

T + T + T = «" 
then, for the intersection of r with the plane under consideration, 

I = ^. , = JL. : = -L. 

vo w to 

Again, if x^ y^ z,^ as before, are the co-ordinates of the pmnt in which 
the first tangent-perpendicular p pierces the ellipsoid, i^ rj^ i^ those of the 
point iu which it meets this plane ; we shall have, 

^-^/. «=:^'. ;s=:A. 

«,^ = ^ + :^ + II: 
* a b c 
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mid, generally, for the m^ tangent-perpendicular pm, 

iL s= *m . y, — ym . y _ , ^ . 
Vm f^m I9bi 

a b c 

in which it is to be noted that Wq = t^, &e. Hence we obtain, using 
the foarms of (VI), 



^.= (^)^^; ^=(«)^X; :„=(^y»^, 

^a'^Wm ^ b^ Wm ^ C ^ Wm 

.. tm = ; r. Vra = •; r. 4m = 



Now, let pm be the radius vector of that point in which the plane is 
intersected by the m^ perpendicular, so that p^ is measured on p, and po, 
or p, on r; then 

Pm« = ^m^ -I- W H- fm^ 

It has been shewn that, for the ellipsoid, (YI), page 8, 

^ V^*^) = ^Vm^-i ... J»^ r,u2 rm^.j ... r«' 

therefore, after lowering the index m in this expression by unity, substi- 
tuting in the equation (3), and extracting the square root, we find the 
formula, involving only the uneven powers of ab c, 

sC * ) = 1 (4) 



PLANE OF INTESSECTION. II 

Cob. If this expression is squared, 

but from the second of the general formulas in (VI) after lowering m by 
unity, 

1 






Pu?-i ... P^ rra^ rn?-i ... /*,*' 



(IX.) The expressions (4) and (5) in (VIII), taken together with th* 
general forms of (VI), contain the relations which it has been our object 
to demonstrate as connecting these singular lines in the ellipsoid. They 
will be afterwards reproduced, as particular cases of the formulae which 
belong to the general surface ; and, in the mean time, we shall close this 
chapter with some remarks which suggest themselves as corollaries to the 
results which have been already determined. 

(1.) If the axes are assumed to be equal, the surface is a sphere, and 
Pm-i ... p rtoLi ... r, = a^"*"^ ; the form (4) in (VIII) will then give, 

2 (a:) _ 1 



a'^^^ pm a^"* 






which can be readily verified. 
(2.) If r^ is a line, such that. 



^!^ = Pmpm^i .../?! 



the general co-ordinates of (VIII) may be written 



1% SLLIPSOID. 

but in (VII) we hare deduced expressions, precisely analogous to these, 
for d?a ifm 'm> in which 

eonsequentlj, 
and. 

Cm ... ^Tm _ fcm ._ frn /o\ 

d?ni ym Zja Tm 

(3) By combining the general formulae, so as to determine the 
absolute yalues of the radii and perpendiculars inyolved in them, in terms 
of the first co-ordinates, we obtain, 



rm* 


= 




^» 


= 




pm» 


= 




EEenee we haye, further. 






rv?pm^ 


= 





2 
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Moreover, since um ^ pm ruLfi, if the value of m in rm is increased 
by unity, there will be found. 



Um* = 






V«4m+8/ 



^ Lim+e/ 



\^4m+6/ 

(4.) In tbe equations of (YI), if all the lines are referred to a 
numerical iinit, we have tbe following summation to m terms ; 

_1 . 1 . 1 . 1 

P' 



p8 j^r,^ fp%r% fpfrfr^^ 



-^{j - J- J- J- ■••} 

" a8-l fl^m "^ ^3_1 ^8m ■*" c«-l C«~* ^^ 

If m is supposed to become infinite, 

Again, tbe developement of (4) in (VIII) will give the series, to 
M terms. 





r 


+ 




+ 


1 + 


P. l*! 


1 
\PIP^%^ 


/ 


+ ... 




P,P,pr, 




= 


^{ 


t + 


X 


• ^ ^ 


+ 5- 


+ ... 


} 






=: 




-1 0? 

1 a3--i 




y 




-1 
-1 




and^ 


,if 


m = 


00, 


















r 


+ 


1 


+ 1 




.. ad CO ^ 






P,P,P* 










= 




- + ^ 
-1 A»- 


-I + 


cz 







(6) 



(7) 
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CHAPTER II. 



(I.) We proceed to extend this investigation to the case of the 
general class of surfaces represented by the equation, 

^ + g. + ^ = 1. (1) 

The tangent-plane at any point xyzv^ given by, 

itlt being the general co-ordinates of the plane. 

The perpendicular npon this plane from the origin is defined by the 
equations, 

^n^n-l^ _ (J^arn-1{ = Q; H^ z^'^ri — c^y^^-^i =0; (8) 

(rii being the general co-ordinates of the line. 

For the point in which the surface is intersected by the perpendicular 
we write the co-ordinates x^ y, z^ , and there are, for the determination of 
these quantities, the three conditions, 

fl» i» c»» 

a^:F-'^x^ — e^a^'^z^ = 0. b^z'^'^y^ — ct^y^'^z, = 0. 
Assume u to be a line, such that 
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then the elimiDation will give, 

from which we obtain, taking the positite sign, 

^ f^jr2_ ) (6) 



u 



2^-1 



Again, if d/ y ^ are the co-ordinates of intersection between the 
tangent plane and its perpendicular, 

1. 





iy ■. . 


r' = 


an ^n-l ^ _ ^ ^-1 / - 


0. 4»«»- 


ly _ c«y»-i 


Assume t? to be a line, such that, 




1 _ ar^C^-l) 
r3 «2n 






we shall then obtain for the intersection. 




y = 


r« ««-l "^ 






c- 




y = 




> 


*- = 


t>3«»-l 1 





(6) 



Now^ let p be the perpendicular upon the tangent plane, r^ the intercept 
on p between the origin and the surface ; i.e. the radius vector of the 
point of intersection : then, 

yj = a/2 + ya + ^3 
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and, 


; M «- 1- 


Also, 


r} = »? + y? + **. 








•■• «' = Pr,> 



the line u is therefore a mean proportional between the perpendicular and 
its intercept, as in the ellipsoid. 

(11.) From what precedes we have the following simultaneous 
equations, involving r p r^ \ 



a^ b^ (^ 



= 1. 



arg(n-i) yg(n-l) gg(p-l) _ 1 

ar»>(n-l) yo(«^-l) ^"(n-l) _ ] 



a?2 + y» + ^^ = 



r2 



The elimination oi x y z in the general case does not appear to be 
practicable ; in the case of the ellipsoid, where n = 2, it has already 
been effected, and, in any other individual instance, will lead to the 
corresponding relation /(rjp r J = 0. 

(III.) Let us now consider a series of points to be determined ac- 
cording to the same law which was before supposed to obtain in the ellip- 
soid, that is by the intersection of the surface with perpendiculars upon 
successive tangent planes ; and let ^mym^m be co-ordinates of the w^ point 
of intersection, fm its radius vector, j9m ^ the corresponding symbols 
for p and u : there is, then, by generalising the formulae of (I), (5) ; 
Chapter II : 

2 n^l 2 n— 1 2 n— 1 

_ tfm— 1 Xm—l ., _ «m— 1 ym— 1 ^ _ «m— 1 ^^m— 1 

Xja — . ym — ~ . 9m — . 

a^ l^ C° 
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As the quantities to be determined are all identical in form, it will be 
sufficient to consider one of them only, as 9m, and we find» 

S m— 2 »— 1 

S 2(11—1) 2(11—1) 2(n-l) 2(11—1) 

^ tim — 1 t^m — 2 Um — 8 ••• U. U ^«««i\ 

** 2 iii=2 Si:t *^"^*^- 

ijn £|n(ii— 1) £|ii(n— 1),,. fln(ih— 1) an(n— 1) 



The number of factors in each term of this fraction is m, and the indioet 
of the denominator form the geometric progression, 



n + 11(11-1) + ii(ii-.l)« + ... = ii^Li)!LJ 



m — ^2 m — 1 m 

2 2(n— 1) 2(11—1) 2(11—1) (n— 1) 

_ Uttk—l ttitt— 2 ... U. U X .,v 

.. a?m — i,ij 



11 — 2 



a 
with similar expressions for ym ^m. 



For determining the consecutive perpendiculars there are the relations, 
and, in general terms, 

Similarly, for determining tbe lines w », ... thn we have, in general, 
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Now, if ^he Talues before oacertained we assi^ed to the oo-ordinates, 



fm' 



= S< 



2 m m+1- 
4(11—1) 4(n— 1) 4(n— 1) 2(ii— 1) 
«m— 1 «ni— 2 ... U X 

m_l * 
^ ^2n ^2n(n-l) ^ a2n(n-l) a2n(n-l)^ 



W 



= s< 



2 m m+1-^ 

2n(ii— 1) 2n(ii— 1) 2n(n— 1) ii(ii— 1) 

Ujq^l «ni— 2 ... U X 

,«n»(ii-l) ^n«(ii-l) ,^^ an»(n-l7 aK^+1) 



(5) 



In the expression (4) for pm it is to be remarked that the number of 
factors, both in the numerator and denominator, is (m -f 1), and we have, 
for the index of a in the denominator, the geometric series, 

m + l 

2n + 2;»(»-l) + 2»(w-l)2 + ... = in ^"^^^^ ^ ^ . 

n — 2 

The number of factors in each term of the expression (5) for Wm is 
also (w-f-l), and we find, for the index of a, the series, 

n\f^l) + n^(n-l)^+ ... to m terms + n(n+l) = -^ |«(«-l)-^2 } • 

Hence, the general formula? become, 

2 m m+ 1 ' 

4(n— 1) 4(11—1) 4(n— 1) 2(ii— 1) 
«m— 1 Win— 2 ... U X ( (6) 



Pm^ 



m+l 

2n(--i)_IZ_i 

n — 2 
a 



Um^' 



= s 



2n(n— 1) 2n(ii— 1) 2n(n— 1) n(ii--l) 

« m— I tha—2 ... U X 

m+l 
,n(n-l) ■- 2 



m + l" 



(7) 
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It has been already shewn, page 16, that tt^ = ^^ ; conseqniently, 
Um^ = pjaTja^l; «^ni— 1 = J»m— 1 ^m ... : and, after reducing by 
means of these equivalent forms^ we shall obtain the general expressions, 



\ m+1 > = 

{m + 1 ^ 
ETTTV = 



m 2 m 

2 2(ii-J) 2(n-l) 2(n-l) 2(n-l) 2(n-l) 

PmPm-V ... p Tm rm-1 ... r, 



L 



m m 

n ii(n-l) ii(n-l) n ii(n-l) n(ii-l) 



(IV.) We have now to shew that, for the general surface, 

m 

fcZ 1 n — a m 
^ = {^} X(n-1); 

with Aittililr ttptessiond for ^ia ^m : « being a line such that. 
From page 17, (1), 



(1) 



^il 


= 


2 2(n-l) 2(n-l) (n— 1) 
Km— 1 «in~2 ... « a? 


n — 2 
a 



fO OIMIRAL SUBFACl. 

Again, from page 18, (7), 

r 2 m m+l x 

I 2n(ii— 1) an(n— 1) 2ii(n— 1) n(n— 1) j 

a 

Now, after extracting the »^ root of this expression, the index m 
being lowered by unity, we obtain, 

1 _ i, i a»n(ii~ir 1 

m— 2 m— 1 — 2^y m > ' 

2 2(n— 1) 2(n— 1) 2(n— 1) j ^n(ii— 1)— 2 | 

Ihu^Hhu— 2 ... K, u V^ 11 — 2 ^ 



2 2(11—1) 2(n— 1) 

ttm— 1 Wjn -.2 • • • W 



m-1 



n — 2 



n — 2 



(«) 



Hence there will be obtained the following values of the co-ordinates 
of the nfi^ point on the surface, expressed in terms of those of the first 
assumed point. 



m 



f 1,8 -In — 2 m 

m 



= \^\ 



(n-l)-l 
11 — 2 1 



(8) 
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Cor. If m == these expressions will become, 

as they ought to do consistently with the previous assumptions; while 
the formula for v, (1), will be resolved into the equation of the surface, 

(V.) It remains, further, to investigate the formula for the general 
surface, involving pu> which corresponds to (4) page 10, derived from 
the ellipsoid. 

The co-ordinates of the m^ point of intersection with the plane 
if — ) = 1 will be, as before, 

> _ *m . ym . y ^a . 

im — — > VB» ~~ """ » »"* "^ """ » 

Wjn tOja Wm 

NoWf employing the results of the preceding section (IV), 



«m 




2(n-ir--i 

11 — 2 
V 


(n- 


m 

-1) 

; &c. 




m 
„(»-!)- 1 
n — 2 
a 






»» 


= 


m 
o(n-l)-l 
n — 2 
V 


(n- 

X 


at 

-1) 


m 
„(n-l)-l 
n — 2 
a 




+ 
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SI 






I n(n-l)-2 I 
^a 11-2 ^^ 

= -f s J^ > 

m 1 ^ I 

,(n-l)-l I n(ii-l)~2 I 

n — 2 ^a 11 — 2 ^ 
a 



(1) 



(2) 



with similar expressions for i/m im- 

But, p™» = fmi> + i7m« + U^ 



pj = S 






(3) 



In order to reduce tliis expression, we ha?e from page 19, after lowering 
the suffix m by unity, 

( 2(n-ir ^ 

I (n-l)-l i 2 2(n-l) 2(ii-l) 2(ii-l) 

V n — 2 -^ i?m— 1 ... i> rm— 1 ... r, 



and the substitution of this value in the preceding equation will give, 
after extracting the square root, the formula. 



I ii(n-l)-2 I 
^a n — 2 y 



^^s=^ ==-r W 



(„-_l) (n-1) (n-1) (n-1) 



(YI.) It will be coavenient in this place to recapitulate the principal 
formulsB of relation which have been investigated. 

We have, then, from the general surface, 

From page 22, form (4), and from page 19, 

im 
(n-l) \ 
^-iH- = ^;r=i i^r^^) 
n(n-l)-2 t (n-l) (n-1) (n-l) (n-1) 
a n — 2 / PmPm—\Pm—2 ... p /'m— 1 ... /*, 



m 
(n-1) 



X I 1 



1 V (2) 

Ml m — 1 ra— I ^ ^ 

^ (n— 1)— 1 2 2(n— ]) 2(n— 1) 2(n— 1) 2(n— 1) 



m 
n — 2 J 



JPm— 1 JE^m— 2 ...JP rm— I ... r^ 



m , 
(n-1) \ n 

m I m — 1 m — 1* ^ ^ 

n(n — 1) — 2 1 n n(n — 1) n(n — 1) u ii(ii— 1) 

\a n — 2 J JOm-1 pm—^ ... p rm ... r^ 



By a combination of (I) (3) there is derived the relation, 



m 
(n-1) \ 


i (n-1) 


^ ( — 


5 1 ^ 


m ( 
u(n— 1) — 2 j 


1 n(n— 1)— 2 


a n — 2 ' 


^ a n — 2 


n 


n 


rm — 


pm 



m — 1 m — 1* 

n n n(n — 1) n(n — 1) n n(n — 1) n(u— I) 

pm JPm— 1 JPm— 2 ... p rm Tm— 1 ... r^ 



w 
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(VII.) By combining the forms of (VI) we obtain the absolute 
values of Tm jETm pm in terms of the first co-ordinates. 

Increasing m by unity in (2), and eliminating by means of (8), 



By (3) and (2). 



rxti 



By (1) and (2). 



pm 







(n-1) 

X 

m 

8n V n — 2 



22 



m 
(n-1) 

n(ii— 1) — 2 ^ 






m 
» V n — 2 




(6) 



(7) 
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The combination of (5) (6) will give the ezpresaioo. 



^ ,. 11 — 2 / 



2 3 



2 



(n-l) ^ 3 



m+r / 



By augmentiog, iu (5), the value of m hy unity, and using the relalion 







f(n-l) 
nTn- 



V ^' 



Lubtly, by combiuing (0) (7), 



.)^ 



m 
i (a- J) 



£!SL - (10) 

2»U— - 
m 

nrn— 1) — 2 ' 



(n-l) \ n n n I ^""""^^ 

^-M^-n- = r^ M-^ i^^ (11) 

n(n— I) — 2 J f n(n— 1) — 2 ' 
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(VIII.) In adapting these general formulee to the particular case of 
the Ellipsoid, the indices are found to take the singular form — , and 
their special values must be ascertained in the usual manner. Then, 



m Q m m— 1 

n(n— 1) — 2 = = (n_i) -|- mu (n— 1) = 2m + 1. 

n — 2 



m m — 1 

u~2 "O" 



^ (n— 1) — 1 = __ = (n— 1) -h mil (n— 1) — 1 = 2m. 



Hence the formulae will be for the ellipsoid, as shewn independently at 
pages 8 and 10, 



/_£_! = J (1) 

\a^+l/ p„, pm—\ Jha-2 ... p rm—1 rm— 2 ... »*, 



i a*» J 



. (2) 



JPm— 1 JOm— 3 ... p rm—l fm—2. ... r^ 



^ (<j4mf8 3 2 2 2 2 2 2 ^ ^ 

j»m— 1 J»m-2 ... p 1m ?m— 1 ... r^ 



2 2 

22/ ^ \ = ?j?___ll_?5f (±\ 

''^ \ ^8m+l ^2mf 1 / 2 2 2 2 2 2 2 ' ^*>' 

pmi?m— 1 i?m— 2 ... V Tm rm—l ... r^ 



The remaining formulae (5) — (10), for rm j»m Pm Wm, will be found to 
agree with those which have been established in page 12. 
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(IX.) In this section we propose to determine the equation of the 
plane containing the lines r p r,; ami, generally, the equation of the 
plane which contains the lines rm—l pm—\ rm, in the surface of the 
n^ degree. 

Let X Y Z be the eo-ordiuates of tlic plane in which are situated 
the lines r p r^\ a? y 2? the co-ordinates of contact ; x^ y^ z, those of in- 
tersection : then, since the plane passes through the origin, its equation 
may be written, 



z = 


MX 


+ 


NY. 




(1) 


Consequently, z = 


Mo? 


■f 


Ny. 




(2) 


= 


Ux, 


-h 


^y.- 




(3) 


But, from page 15, (5), 














__ w2 yXX 


J 


"/ 


«8^«-l 




b^ 


C» ' 






>.n -1 
" ^ n 


+ 






(*) 


By combining (4) and (2j we 


I find, 











^ ^ _ a° {b^ z^-^ - c» yn-2) ^ 

The plane containing the lines r p r^ is, therefore, represented by the 
equation, 

rt« (^n .n-2 _ ^n yii-Sj ^ _ 
a: 

-6" (an .n-2 _ c« .rn-2) Z -f. 

y 

(^ (a" yn-3 _ ^n ,^n-2) A = ; (5) 

z 
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or, 



*» (an ^n-2 _ ^n ^-3) ^r Y ^r + 

c»(a»yn-« — i»a?°-3) a?yZ = 0. (6) 



In the determination of tlie plane wliicU contains the next three con- 
secutive lines r^p^r^ it is necessary to write x^t/^z^, as given in (5), 
page 15, instead oi x y z in either of the preceding equations, (5) or (6), 
there will be found after the reductions are completed, representing the 
second plane, the equation, 



cn 1-,^ y(n-l)(n->) _ _^ ^(n-l)(n-.) | iL^ = 0; 
which is equivalent to, 

[fl«(»-l)y(n-l)(n-2) - ^(n-1) «(«-!)(»-»)} A = 0.(7) 
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In determining the equation of the m^ plane, which iudades the 
lines Tbu-j pf^^ ra, we maj substitute in (5) the {^neral values of 
^m Pm ^m. gi^en in (3), pag^e 80 ; then, 



After the reduction is completed, it will be found that the m^ plane is 
represented by the equation, 

I m m I m 

V cii(n— 1) in(n— 1) / a?(n— 1) 



m -^ 



I m m I ^ 

V cn(n— 1) a»(n— 1) ^ yCa— 1) 

I m m r m ■" "• ^"/ 

^ ^n(n— 1) fln(n— 1) ^ ^(n— 1) 



Cob. When n = 3, the index — £- J (n— i) + (n— 3) 1 = -; and 

the value of this fraction is found to be 2m : hence we have for the 
plane containing the lines rm—i pm—i fm in the ellipsoid, the equation, 

a9m a^^fS) ^ - 52m (aS-c^) — + c^™ (fl^-^ A = 0. (9) 

X y z 
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(X.) If tbe equation (9) is developed for consecutive values of m^ 
it will be found that the successive planes are represented by the following 
system of equations : 

X y . ^ 



X y 2 



X y z 



l(A3_c2)A - <^8(^2_^J_ 4. c8(a3-i3)— = 0. 



xy z being the point of original contact between the ellipsoid and its 
first tangent plane ; X Y Z the general co-ordinates in each of the planes 
which include the consecutive radii and perpendiculars. 

(XI.) In the ellipsoid, it is required to ascertain the angle between 
the two planes which include consecutive systems of lines rm— l i'm— l rm; 
.'and Tisl jpm '"m + 1 . 

From equation (9) in the corollary to (IX), the equations of the 
consecutive planes are, 



X y z 



^3111+3 (i3_c2) ^ - b^^(a^^(^l + (An+3 (a8^i8) A = 0. 
X y z 
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Let i be the angle of intersection between these planes, then, their equa- 
tions being written, 



= MX -f NY I 
= M,X 4- N,Y j' 



, . _ 1 -h MM, + NN, 

we have, cost - ___^._-_..^^^^ 

But, M= !^ '-; N= + - \-— 11; 

^2m(a2 _ ^2) X c2ra(rt2 _ ^2) y 

a2iii+2(^2_^ ^ ^2m+2(^2__c2) . 

M, = — ; N, = -I- ; 

ca»+V-*^)^ r2°»+2(a2_j2)y 

consequently, 

^ ^ ^m(a2_A2)2 1^1 

.-. (I + M2 + N2)* (1 + M8 + N3)* = 

Hence the fonnula expressing the inclination wilt become 



^iS a*-"(^-ca)a i ^i j a*<^** ib''-<?f \ 
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(XU.) From the equation (10) determined in (XI) it can be shewn 
that there exists no plane section of the ellipsoid which includes the con- 
secutive systems of the lines rpr^\ r^p^r^; „, excepting the three 
principal planes. 

In the equation (10) let cos t = jf 1, a supposition implying that 
two consecutive sets of these lines are included in the same plane ; and 
assume m = 1 ; then. 

After effecting the reduction of this expression we shall obtain the result, 

(«8— ^(aa_cS)8(3«-c3)«(«***^ + «*c*y3 j^ b^(A^ = 0. (11) 

li ab c are unequal, as in the general case, this equation can be 
satisfied only by the condition, 

S (a* h^ 2») = ; (12) 

which is true if at = 0, y = 0, 2; = 0, i.e. when the first tangent 
plane meets at right angles either of the three principal planes : excepting 
under these circumstances, therefore, the two systems of lines cannot be 
situftied in the same plane. 

When, however, there is equality between any two of the axes, i.e, if 
the ellipsoid is a solid of revolution, the equation (11) becomes identically 
true for all yalues of xy z-^ consequently in any spheroid the consecutive 
lines will be included always in the same plane. 

Further, if the surface is changed into the hyperboloid of one or two 

sheets, the equation (1 2), which may be expressed in the form 2 (■ ) = 0, 

is satisfied for all points infinitely remote from the origin ; when the sur- 
faces become identified with their conical asymptotes: and this must 
obviously be the case. 

It is clear that the conclusion which has been here derived with respect 
to the first and second planes, is equally true if considered in relation to 
any two consecutive planes which follow them. 
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(XIII.) In the ellipsoid, the several tangent planes will be given by 
the series of equations. 



^^ + ^^ + F^ = i- <*> 



^^ + ^^ + F« = F- ^'^ 



in which ©^ = «*iii_i «*iiu., ... «', as in page 8 ; 

In the general surface, we shall find that Ihe m^ tangent plane, which 
has contact at the point «m ym ^ms is represented by the equation, 

ni+l 
(n-l) \ 2 

^ i I 1 

5fr = ^iisi — = (M) 

^(n-l)_l I (a-l) - (n-l ^ 
\ "-« -' (r«) iT^Ts— ' 

in which the symbol v has the same value as in (2) page 20. 



If t is the angle of inclination between any two consecutive tangent 
planes, it may be determined from the formula (M). Or, since this inclina- 
tion is the same as that of the perpendiculars upon the same planes, there 
is. 



cos i = ^: 
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consequently, by (8) page 25, 



cos^ i = 




In the ellipsoid thia expression will become, 

COS* « = "^ ^2 \ I x^ v" 

If » = 2 the successive developments of the formula (M) are easily 
identified with the tangent planes of the ellipsoid. 

(XIV.) REMAEK.-r-If W and E" are principal radii of curvature of 
the ellipsoid at the initial ppint x ^ z, they n^fty be determmed from the 
equation,* 



consequently, 

R'. K" = ?lii^. B' + E" = ^C"'-^) 



' Hence, if B! R" ... Rm.B'"m are the radii of curvature at the con- 
secutive points of contact, there will follow, 

» See Hymers* Analytical Geometry of Three Dimensions, page 265. 
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R' R" - «'^^ - auaps ^ a • (1) 



!*( — ) 



^('''-^ = 2 f««-^^ .^TJ • (2) 



R'm + R"m = ±ifL=f2 = S(«8-;r») -r 



By (1) and (2) the radii of curvature at t)ie nfi^ point of contact ore 
expressed as functions of the co-ordinates of the initial point ; and the 
solution will give, retaining the abbreviated form pnn which has been 
determined at page 12, 

2jPm* I • J 



(XV.) To tjonclude, it is proper to adapt the general forms of 
page 23 to those surfaces in whicli n is negative. 

Each formula will be susceptible of two expressions, according as 
m is even or uneven. 

1st. If m is an ef)en number, all the terms which have tlie indices 

m m — 2 

(a— 1) , (n— 1) , ••• remain in the denominators; while those which in- 

m — 1 m — 3 

volve the indices (n— 1) , (n— l) ... are transferred to the nume- 
rators : on the second side of each equation. 

2nd. If m is an uneven number, this transference will be reversed. 
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Let m be an even number, the first three forms of page 23 will then 
become, 

m 3 m — 1 3 m — 1 

(n + l) \ (n + 1) (n + ]) (n + 1) (n + 1) (n + 1) (n + 1) 

m ( ■" 2 m— 2 2 4 m— 2'^ ^ 

n(n-H)f 2 > (n+1) (n+1) (n+1) (n+1) (n+1) 

^ fl n + 2 ^ pm Pro. — 1 JPm — 3 ••' Pi ^m— 2 Tm — 4 . . . ^ j 

m . 3 m — 1 m— 1 

(n+1) \2 2(n*l) 2(n+l) 2(n+l) 2(n+l) 2(n*l) 



m ( 2 m— 2 2 m— 2 

+ 1)— 1 \ 2 2(n+l) 2(n+l) 2(n+l) 2(n+l) 

n t 2 / JPm— 1 JPm— 3 ... Pi rm— 2 ... r2 



m 2 m~2 2 m— 2 

n(n+l)-»-2 \ n n n(n+l) n(n+l) n n(n+l) n(n+l) 

J n + 2 r j?m— 'IJPm— 3 «»«JP/ ^m rm— -2 ... ^2 ,qn 

r — \ 3 s:=i 3 5=i'W 

(n + 1) ) n(n+l) n(n+l) n(n+l) n(n+l) n(n+l) n(n+l) 

X ' pnt—Zpm-^ .., p rm—l rm— 3 ... r^ 



Let m be uneven, 

, m ^ 3 m— 2 m — 2 

[ n(ntl) — 2\ (n+1) (ntl) (ntl) (n+1) (ntl) 



U n + 2 I J Pm— 2 jPm — 4 . . . JP/ ^m— 1 ... ^2 

m I ■" 2 m-1 2 

(n+]) ) (°^1) (»*1) C'**!) (»^1) 

^ ' pro J»m— 1 jt?in— 3 ... ^ ^m— 2 ... ^^ 



i:=i- (')' 



m 3 m — 2 m — 2 

Jn+1) + 1 \ 2 2(ntl) 2(u+l) 2(ntl) 2(ntl) 2(n+l) 



V ) a " ^ ^ ( = i^-2;?m-4 ...j?, rm-1 ... r2 ,„., 



(ntl) 
X 



2 2(ntl) 2(n+l) 2(ntl) 2(n+l) 

JPm— IJPm— 3 ...JO rm— 2 ... r, 



m 2 m— 1 2 m— J 

(n+1) \n n n(ntl) n(n+]) n n(ntl) n(ntl) 

_^ ( «. Pm—ipm'-S ... p rm rm~2 ... r^ ^ov 

m ( ~ 3 ^=2 3 m=^'^^ 

n(n+l) — 2 \ n(ntl) n(ntl) n(n*l) n(n 1) n(n+l) n(ntl) 

fl n + 2 / pm—2pm—4i ... j»^ rm—l Tm— 3 ... r2 



CHAPTER III. 



(I.) From among the infinite variety of developments which may be 
given to the general formulae, a few will be here selected for the sake of 
illustration. Considering first the Ellipsoid, the formulae appropriate to 
that surface will be found at page 26. In the first of these expressions, 
when m = we have the true equation, if r_i is assumed = r-', 

2(^) = ^; 

\a ^ p 

and the same value might be taken for m in the remaining formulae, had 
not the sufi&x m, in the course of the investigation, been lowered by unity. 
We shall, however, in the following developments, in general assign to m 
the terms of the natural series, omitting zero. 

The series will then be for the ellipsoid, 

1 





+ 


^ 


+ 


z 


X 
«5 


+ 


^ 


+ 


z 


X 


+ 


i 


+ 


c1 


X 


+ 


i 


+ 


z 


X 

in 


-1- 




+ 





^(^) = 



Pi P 












1 


^' 










P% Pi P'^ 




1 






^'i 






Ps P% Pi 


P 


r^ 






1 






^1 




Pa Ps Pi 


Pi 


P 


r^r^ 








1 








PsPaPs 


P% 


Pi 


P *U 
1 


U 


r^r, 



pm Pm-i Pm^§ ... P^m.\ ^m-a 
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^ + ^ + f. = J_ 

a* J* c* y 



+ fi- + V = 



8" 



a« i« c« j)«r; 

«" + y' + «* _ 1 



flo a° ao Pflp^^y 

?L + ?!. + ^ - i 

flio ^ ^10 ^ 30 - ^8 jp2 r% ry 



^ + "' - „ 






2 



Vfl*» / ~ 



^ \ 1 






r 



8* 



The expression (4), in page 26, will foniish the additional series, which 
may otherwise be derived by combining in pairs the terms of those which 
precede ; 
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The formulae of page 12 will give the absolate values of the consecu- 
tive radii and perpendiculars, in the following order. 



?1+ ... ^+ ... ^+ 

'•'=;? ' -^ = ^ — ' P'^'- 



fl° 



(Sr- ■■)• 



"8-"*" ••• -«--f ••• -«■ + 



&+-r 




the successive values of u will be found by combining the corresponding 
terms in the first and second columns ; e.g. 



2 



u-^ = 



(p 



2 



(II.) Developm^t for the surface, 

-d) = >• 

In this and the following developments fur surfaces in which » is a 
positive integral number, in order to avoid repetition, we indicate each 
series by the number which marks its generating function in page 23. 
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OENEBAL SUKFACE. 


(1.)- 








m = 


1, 


J - - = 


1 


til "^ 


2. 


Jo- = 


1 




p. ?, t^ r*' 


m = 


S 


fL -. ... = 


1 



a« P, i», /> * />* r,» r *■ 






= B, -n + 



«« JTpTpTpfWrjT^f 



'•* Psi'* i'j*i'i*i'/*i'"»'4* »•»*'•.*'•,"' 



(2.)- 

, «* . 1 

" = 1. ^ + - = p- 



»» = 2, 4 + 



J8 - p% ^ ^4 • 

xK 1 

»» =* 3. -a + ■ * = - . . p — I— o- 



^ . «f . ^ 1 

- S *" J. 

- 5, -Tsj- + 



"• i'4»i'sV.V,"i^»'-/ »•,»''," '•5 
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(3.)- 

1 a?6 ^ 1 



12 p^ f^ 






P? P^ ^«* ^f 






a^ 



JPj^ /^/^ i?^^ ^3^ ^2^ ^/^ 



- 4 '^^ - 1 



138 ••• p^^ p^^ p}^ p^r^^r^^r^^'^r^' 



"^ = 5, ^+ ... = 



(4.) — The fonnvila (4), ia page 23, will give for this surface the series, 
U2^ ^ J Va^l ^ i~ P^^P^^pf'p^^r^^r^^r}^ 



'•s^-Ps! 






'i'/i'.V«'-pri'"'-5'''-/'-3'=='-. '•- 
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(III.) Development for the surface, 

(1.)- 



w/ = 


1. 


J-- 


_ 1 






P,P 


J/; = 


2, 


^. - - 


_ 1 




P,i>,/r»' 


7fl "TT 


3, 




_ 1 




P^PsP^F'r.^r^ 




*. 


*8l 


_ 1 




9xP^Pt^P?^r^^r,^r^- 


m = 


5. 


«3f 


_ 1 



PsPxPz^Pa^Pf^P^^ ^x^ ^38 r^s? r 81* 



?^ = 


1. 


a8 


1 


W/ ■"" 


2. 


*18 

^2 ^ ••• 


1 




P? 1^ rf 


?w — 


3. 




1 




P^^pf^U^r}^ 


?W — : 


4. 


,,162 

Sao + • 


1 




Pf^^ P,"" p}" P^ r^' r^'"'' r^' 


^ ^ 


R 


«*8« 


_ 1 



»«»+••• jE,^2 1,38 ^^18 jt, W ^62 ;.^6 ^318^,54 ,162- 
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(S.)- 

1 «^*J. - 1 

_ „ ari«6 . _ 1 

_ - ;r»W _ 1 



(4.) — The formula (4) vill give, in this case, the series, 

la"^ J IW^ i p,*p*p^r,*r}^ 

(^ +... r_ /(^Y+ ... U __Z2l=£aL_— 



.36 



Tos- 
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(IV.) Development for the surface, 

(1.)- 



m = 


1, 


J-- 


_ 1 






PsF 


ni = 


2, 


s--- 


_ 1 




P2 Pi P^ rf 


m = 


3, 




_ 1 




PzPaP^ P^^r^^r}^' 


m = 


4, 




1 




PAP.P.^P}'^r,^r,^^rJ^ 


m = 


5. 


^1024 


_ 1 



PsPa Ps^'Pa^^P.^P^^^ r^^ r^^^ r, w ^ 256 



(2.)- 



m = I, — + ... = _.. 
aio jt?2 



«*2 X 

^ ~ ^' "50 + ••• = "'9 — ft — «-• 






^850 ^ - i?32i?,8i?32y28;.^8^^32;.^128- 

. ar20*8 ^ 1 



o 3 « 8 „ 82 -, 128 „612 -. 8 ^ 32 -. 128 -. 512* 
Pa Pi Pi Pi P ^A ^» ^i ^i 
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(3.)- 



1 ^ ^ - 1 

«« = 1, -on T ••• — -T K' 

X^ i 

^1280 1 






^2130 ' ••• jPjBjp^aOjp 80^20 ^^5 ^^20^^80 ^320- 

1 

P^^P^^P^^P^^'^p^'^r.^r^^r^^r^^^r}^' 
(4.)- 



1880' 



KS) = '• 




1 

Pi P 




1 




9%Vif'rT 




1 




9^P^P?f^r^^Tf^' 




1 




P.P^P.'^pf'f'^r.^r,^'^^ 


r729' 


1 
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(V.) Development of the formulse for the surface, 



(1.)- 
w = 1, -^ + ... 

o ^729. 

;« =8, -^^ + ... 

3^661 



(2.)- 

, «18 , 1 

»« = 1> ^ + - = ^• 

_ o *"^ , _ 1 

^1SW2 1 

*" = *' ^I64M+" = p% p\% pm ^1468 y^l8 ^^162 ^1468- 

- K «™^ . _ 1 

"* ~ ' (jW^ ~ „ Jj, 18 J, 168 « 1468 «18122 ^ 18^ 162 ^^1468 » 13122' 
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(3.)- 

_ o ««^^ . «. 1 

-p7390 1 

'^ = 3, -o7i7r+- = 



JSIiO-"^— ~ j9,10jpW^810;.^10;.^90y810- 



aj66610 1 

^'^ = 4, -5onin+- = 



^82010^ ••• jPjlOj^jW^SlO^TSNK) r^l0y^90y^810y72»0* 



**"■"' aTSSllo"^"- "" ^^10^^90 jj^810^72Wjp66610;.^10^^90;.810;. 7290^65610* 



(4.)- 



0-nlO 

ao' 



\alO\^'"] I Vow "^•••J p,10;,^10;;90r^lOr,90' 

|aWi"*"--| Yam) "^-j p3l0^,l0jpWjp8i0;.3l0r, 

f aj6561 |10^ f /ar656U10 | y^ lO^p^lO 

1^8201 -^-1 \\^\) "^ * • • J " p^l0^3l0jp^90^^810p7890;.^10^^96;.^ 810^ 721 

fa.69049 |10^ r /a:59049vlO 1 r,10-p,10 

\^P«a^'"] . |\^7S8n; ■*■••• I ""p5l0^^10j,3W...^656i0;.^10^^90 .^656] 



90^810* 
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rVI.) In each of the surraces which have been considered, the absolute 
values of the consecutive radii and perpendiculars may be obtained from 
the forms in page 24. The developments of the general formulae are 
susceptible of indefinite extension. The series, however, cannot here be 
conveniently extended ; nor is this necessary for the object of the treatise, 
since the examples already adduced will suffice to illustrate the power of 
the general forms. This division of the subject may, therefore, be con- 
cluded by annexing one or two illustrations derived from surfaces in 
which the indices are fractional or negative. For surfaces of which the 
characteristic index is integral and negative, the formulae have been given 
at page 36 ; and general forms may be obtained expressing the corre- 
sponding relations when the indices are fractional. The expression of 
these relations does not, however, appear to be of much importance, since 
the adaptation of the original formulae to any particular instance, or to 
any series of surfaces of any order, can present no difficulty, while it may, 
perhaps, be practically more convenient. 

Before dismissing the surfaces with positive integral indices, it may 
be observed that the indices of abc are necessarily integral in every case 
in which m is integral and positive ; i.e., in all cases which here fall under 
our consideration : for, 

m m 

if k = n — 1, ~_2, ~ "Y=T ' ^liich is always integral. 

m m 

And, -illzil^ = („-iT + 2^; 

which is consequently an integral number. 

In the same way it maybe seen, at page 36, that the indices are 
integers if n is negative and integral ; and this will be self-evident, if we 
consider that in any case each of the indices in question represents the 
sum of a geometric series in which every term is separately an integer. 

As a negative check upon the numerical accuracy of the several ex- 
pansions, it is useful to notice that in every case the sum of the indices on 
either side of the development must present an identity ; e.g. in (3), page 47, 
788110 — 590490 = 147620, which will be found to be the sum 
of the indices in the reciprocal equivalent. The general formulae are, of 
coarse, subject to the same restriction of homogeneity. 
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(VII.) Development for the surface. 

The general formula;, in this instance, are reduced to the following 
expressions : 

m 

r.fi) 1 * * * ♦ 

I f pm—2 ^—4 ... fm— 1 rm— 3 ... n\ 

2 1 a"^(_irr " -— i — s — 4 — 5 — ^^^ 

I ^^) PmPm—ipm—Spm—6 ... nn— 2 Tm— 4 ... 

( .(=5)" ) ' i i 

J — f _ jhn-a pm—4, ... rm— 1 rm— 8 ... 

^^ ni I JPm—l J»m— 3 jPm— 5 ... rm— 2 rm-4 ... 






m+2 m > ^ — I 



i i i 

pm—S ... Tm rm— 2 



a 3-2 



(1.)- 



m = 1, -1- + - 1 

« = 2. 4 + ... = £*£l*. 

,„ = 3. 1 + ... = -ei^. 

«V »J Pj /»j /»* r,* 

'» =1. ^, + ... = pAAiAiL. 

»t = B, ^ 1 ... = _£3i£/l£*iiiL_. 

«S«A PsPtPt^P^^a^'',^' 



(2) 



(3) 
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(«.)- 






VI = 1, 


I. + ... 

ax 


1 


w = 2, 


^-•• 


_ Pr, 


m = 3, 


,',+.. 


- f'Tv. 



p^^pk r^ 



. xk . «, »i r. ri 

«« i?3^ P^ ^'i* 



w = 5, — 1-+ ... = /^3 /^ /^ r^ r^\ 
aWxh " Pd^Pi^ P^ ^9^ ^1^ 



is.)- 






»/« — 1 


«***"*" - 


I 




piry 


VI = 2, 


4 + - 

at 




9a/ = 3, 


alhxh "*" "' 




M = 4, 


ah ^ 


P>^ P,i '•4* >■»* ' 


«w = 5, 


flU**"*" ■■■ 


_ />»* />,* '-4* '".^^ 
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(4.)- 

f 1 , \ t_ / (_Ly + \ - ('•,t-p,*)/>>>-,i 

(o« " / rafl/ ^ - j- p^i p^i f,i rj f,i • 



(VIII.) This surface presents the following geometrical pecoliarity, 
derived from the development of (3). 

When M = 2, it has been shewn that, 
v/'i*.^ - PL 

oonsequentlyi c^ = I ; or, p,^ = pr, : 

80 that, in this instance, p, is a mean proportional to p and r, , and is 
therefore equal to the cirde-ordinate u, (page 3). 

In figure (2), let 

OP = r ; OP, = r, ; OP, = r, ; 

Oq, = Pi OQ, = p,i OQ, =i»,; 

••• 0Q,« = OQ , OP, ; 

and, since the law of derivation is invariable for all the consecutive points 
Q Q, Q, ... P P, P, ... it follows that, 0Q,» = OQ, . 0P„ 
and, generally, OQm' = 0Qa,_, . OPm : 

• • Pm ^ ^lu I 'm- 



8" 
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(IX.) By employing the relation established in the preceding section, 
the developments admit of simplification, and may be expressed in the 
forms which follow. 

(1.)- 

at xk 

«, = a. 4 + ••• 

«, = 4, ^ + ... 

m = 5, — rr r- + ••• , . 



(20- 

w = 1, — H" ... — -§-• 
ax ]^ 

«» = 2, 4 + ... = 1. 

at 



9i 


P 


P2 


• 




1 


Ps 


py 




1 


Pa 


r.i' 




1 



w = 3, 


1 
aixk 


+ ... 


= 


Pi' 


w = 4, 


xk 


+ ... 


= 


1 


w = 5, 


1 


r+ ... 


— 


1 



rO^UVhJE DEYBLOPKD. 53 

(3.)- V 



w = 1, 


1 


+ •• 


• = 


1 
p.' 


m = 2, 


xk 


+ •• 


. = 


1 


'M 5i 


1 
a\h x,\i 


+ •• 


. r= 


1 




'•a* P>i ' 


m — 4 




+ ••' 


' = 


1 




r^i r,*- 


»t = 5, 


1 


+ •• 


. 


1 

1 11 



(4.)- 
/ 1 , ]* J( 1 y, ■■■'I- r;i-p.i 1 

{J-}'-{(^)'-}=^^Jf- 
i^^ / U«s^ / ~7^i • J7JJ' 
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An examination of the equations will shew that, in the* instance of 
this surface, owing to the singular relation p^? = pm-i ^m, the defelop- 
ment of (3) is included in that of (2) ; and that this connexion must 
exist will be seen by reference to the general formulae as adapted to the 
surface under consideration, page 49, in which, if w -4- 2 is substituted 
in (2), while m is written in the formula (3), both expressions will furnish 
coincident results. 

(X.) In iUustration of the formulae for negative indices, as given in 
page 36, we may first select the surface. 



(10- 



(t) = 



1. 



m = 


1, 


1 


+ ... 


= 


1 
P,P 


m = 


2, 




+ .. 


. = 


PtP, 


m = 


3. 




+ .. 


= 


'p?r,^ 
Pi Pi P* r* 


m = 


*, 




+ .. 


= 


P,' P^ r,« r « 
Pa Pi P? '•,* 


m = 


5, 


iS5 


+ .. 


= 


Pi'pfr^r,^ 


Pi P* P** /* »-s* »■/• 


m = 


6, 




+ .. 


. = 


/>/ J..8 ^83 r,^ r,« rr 
P. Ps Pi* P}' V »-."■ 


m = 


7, 




+ .. 


= 






<) 


^w 


X 




P^P.^P,''p''^r,^r,^r^^^r}^^ 



»"» ■■■ I?. />, p»* Pi"" p."* u* V '•.** 
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In these developments the indices shew some curious relations. For 
example, taking any term in which m is even, the difference of its indices 
gives the index of the numerator in the following term ; but, if we con- 
sider any term in which m is uneven, the difference of the indices will be 
the index of the denominator in the expression which immediately succeeds. 
On the second side of each equation in which m is even, the sura of the 
indices in the numerator is always double of the sum of the indices in 
the denominator. The general formulae will establish these relations 
without difficulty. 





(2.)- 










m 


= 


1. 


o2 


+ ... 


= 


1 
pi- 


m. 


= 


2. 


«8 


+ .. 


. = 


p*r* 

Pf ' 


m 


= 


3, 


F6 


+ .. 


. = 


P.' P^ rf 


m 


= 


4. 


«82 

Wo 


+ .. 


= 


/..♦ ^i« r,* r," 
P.' Pf r,o • 


m 


= 


5, 


afi* 


+ .. 


. = 


P,*prr,*r,^' 


m 


= 


6, 


a,i28 


+ .. 


= 


p^^pn^r,*r,^^r^ 




P.'p,'prr,'r,^' ■ 


m 


= 


7, 


a86 


+ .. 


. = 


i'.*i'3"i'-"Vr/«r." 


p^ipjip^zipmr,Or,»^rr' 


m 


= 


8. 




+ .. 


. = 


p,*p^^^I>,^f^r,*r,^^r,^rr 


P,'Ps'p>''p}''r,^r/ir,''' ' 
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• (3.)- 
w = 1, x^ + ... = Jt?/*/. 



a 



2 



,» = 2, _ + 



«' = 3, -^ + 



a2 






0:32 



a 



10 



7;t = 6, -^ H- 






= 7, 



.128 



X' 






=: 


P, »•« 


= 




= 


i'3 ;>,* '-4 »•.*. 




Pi. P,* P^* r, r,* r i« 




^,8 ;>8 r/ r,8 • 




P> P,* P}^ '-6 V '•«" 




;>/ /'.^ i^* r,' r»^ r«» 




P»P.*P,'' I^r,r,*r,^^r,^ 




j^.' />,« /»/' '•«'' '•4* '•.'' ■ 




/>» i'.* i's" p!^ '•g '•a* '•4" '•» 



a.266 • jp^2 ^^8 ^^82 j,m ^^2 ^^8 ^^32 ^128 



(XL) It appears from the last development that the circle-ordiHate 
«, in this surface, is equal to r, the radius vector at the first point of con- 
tact. In consequence of this singularity we shall have, by attending to 
the principle of uniformity which governs the position of the consecutive 
points on the surface, fig. 2, «m = ^m ; 

in which it is to be understood that r and p are indicated by Tq and po- 
This peculiar relation will have the effect of reducing the preceding ex- 
pressions to others which involve only the lines r r, r, r^ ... rm ; 
in the form which follows. 
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(XII.) Reduction of the deyelopments for the surface. 





(1. 


•)- 












m 


= 


1, 


1 


+ .. 


=z 


p, 


1 

IS- 


m 


= 


2. 


7fi 


+ .. 


= 


Pi 




PI 


= 


3. 




+ ... 


= 


p» 


»-,* 




r.M- 


ftt 


= 


*. 


«1« 

^8" 


+ .. 


= 


Pa 


r,* ri« 




r.'f?' 


tn 


= 


5, 


«10 


+ .. 


. = 


P$ 


r,*r^' 




Vr,8fM 



(2.)- 



« = 1. ^ + ' 



X* r* 



»» = 3, -5- + . = — ? 



'• =:. * 



"• = *• ^0 + 








»-,* 




v^-," 




r,* r»« 




V>,8 r«» 








r.« r.? r«» 



5ft €(BKBBAL 3HRPA0f* 





(3.)- 










m 


= 


1, 


ar« 


+ ... 


= 


rS. 


m 


= 


2, 


a* 


+ ... 


= 




m 


= 


3, 


^ 
^ 


+ ... 


= 




tn 


r= 


4, 


il6 


-h ... 


= 


r,2 r« 




r,* ,16 - 


tn. 


=: 


9, 


^0 


^ ... 


= 


r/r,8. 







16 



(XIIL) Development for the surface, 
(1.)- 



(j) = 



m = 


1. 




+ ... 


= 


1 
P.P 


Wl ^^ 


2. 


«6 


+ .. 


■ = 


ffir? 




P, P, 


w = 


8. 




+ .. 


. = 


p» p, />' »•,• ' 


w = 


4, 


1^1 


+ .. 


• = 


Pa P» P' '•»• 



"' = ^' rsm 



p. /», /'.•J»3"i«7'•'•.»'•4"'•.7»• 



l 



(8)- 
« = 1, -J. + 



a' 



£1 + 



- = 3. -^ + 



J.162 

- = 4. + 



m 



- = =»' ;r8 
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?■• 




= 


^.,. 
/»,*■ 






pfr,^ 






P.^P^^r}^ 






p,«;,«*r„« 


r," 




/'.'i',"''-, 


18 ■ 



' jj65«0 ■*■ ••• jp^2 ^^18 ^,^163 ^1468 r ^^^' r ^«2 ;. 1458" 



(8.)- 

»• = 1, 4 + ... = p^rf. 



^'' 4- ... - Ps''^^' 



«'" Pe »•/• 






_ j Pa^ /?^» rg^ r/» 

fi 6 «• 6 



a82 



^ "» "/ ^4 ^a 



** ■" * a.13133 "^ — j9^« jp^W jp^486 jp4874 ,.^6 ^.^W ,.^486 ,.4374' 



CO OEKEBAL SUBFACB. 

(XIV.) Deyelopment for the surface, 

(1.)- 



m s= 


1. 


a* 

X* 


+ ... 


= 


1 
P, P 


m = 


8. 


?5 


+ .. 


. = 


PtP, 


M S* 


3. 




+ .. 


• = 


P.*r,* 




P»P,P''r}> 


M ar 


4. 


«8M 


+ .. 


. = 


P»*P^r,*r»* 
P.P>P}'r,''' 



"• ;??BI ^ — - p^ p^ p\i ^2M ^^l« ;.!«• 



«•)- 



M = 1, 


- .... 


1 


« = 2. 


^-- 


p? 


m = 8, 


5158 + — 


_ p^ »-.• 






I 
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(8.)- 





= i^r». 


-.= .^ .... 





192 «_8 „^r^^r4» 



fllU jj, i» ^^1 



M = 3 ^ + = i^« ^"^ - ^ 

w = 4, 






(XV.) DeTelopment for the sutface, 

(1.)- 

*» = 1. T-r + ••• = 

at a p,p 



m = 2, 


J +••• 


ZIS 


PlJP/' 


M = 3, 


aix^ + - 


= 


P^ r,3 
Pa JP. JP^ ^^ 


m = 4, 


*« + ... 


= 




*. = B, 




= 


Ps^Pi^rJr,^ 
PsP^Pi^P^^^i^ '•/^* 



6t 








GICNERAL SURFACR. 


(2.)- 










m = 


1. 




+ ... 


= 


1 


m = 


2. 


ai 


+ ... 


= 




m = 


3, 




+ ... 


= 




m = 


•«. 




+ ... 


= 




m = 


6. 


an 


+ ... 


= 


p^P,lp'^r,\rfi 



(3.)- 

«» = 1, <»i«4 + ... = p^r^. 

« = 2, J + = ^i£«* 

m = 3, aAarfS + 



« = 4. ^ + 



«• = 6. ff + 





^ r.i ■ 




= 








/»,i^^ rjr,i 






p,ip%rjr,n- 






Pjpj J^r^irJ 


r^ 



p,ip,nrjr,n 



(XVI.) The instances in which the general formulss have been herd 
developed will suffice to elucidate their application to particular surfaces. 
At the same time it is evident that it becomes necessary, at this point, to 
quit a very interesting, although hiborious, field of investigation ; since, to 
work out in more extensive detail individual illustrations, would be incon- 
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si^jtQnt with the purpose of this book. It may be worth while to call 
attention to the peculiar symmetry of expression characterising the 
equations of successive planes in the ellipsoid, as exhibited in page 30 ; 
imd it is obvious that, in the expanded series, the developments may be 
ifeudered in terms of the consecutive values of «, as in the original ex- 
pressions of page 18, in place of those which have been given in terms of 
. pm and rm. Further, it is impossible to overlook the singular relation 
borne by the symbol pm* in all the surfaces, to the other connected lines. 

In conclusion, it will be not uninteresting to examine the law by 
which the value of the perpendicular p is governed in consecutive surfaces. 
It is deserving of remark, as indicative of singularity, although it might 
possibly have been anticipated, that the equation expressing the value of 
this quantity, as well as the equation of the surface itself, ought to be 
regarded only as a particular case selected out of an infinite number 
of connected, symbolised, geometrical relations. 

If the reflection seems to be unavoidable, that the co-ordinate relation 
which it has been customary to call, by long-established convention, " the 
general equation " of a surface, or a curve, is more properly to be regarded 
in this light, as exhibiting one only of the aspects under which its subject 
may be considered; and, in truth, as but a single term in an infinite 
series, each implying, individually, the essential properties of the figure, 
an additional reason appears to be presented for limiting, at present, our 
expectation of geometrical or analytical perfectibility. Considerations of 
this nature, no doubt, must tend to confirm the impression, which is forced 
upon our attention from many independent sources, that a far more 
perfect theory than we as yet possess of symbolised geometry, may be 
reserved for the research of the future.* 

It is, then, to be desired, that those who take interest in abstract 
speculations upon subjects hitherto but little, if at all, examined, should 
not shrink from diverging out of beaten tracks of thought ; should en- 
deavour, indeed, to fix the impression of ideas which seem to be new ; to 
accumulate, classify, and bring them into prominence : in short, to collect 
and combine those floating threads of mathematical truth which, singly 
considered, are barely to be traced ; but, collectively, may lend a visible 
and well-defined support to the beautiful network of science. 

* See, on this subject, De Morgan, Double Algebra; and TreatiM oa 
Belated Caostica^ page 12, Cor. 2, by the Author. 
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[XVII.) Development of the perpendiculars in consecative sorfaoet. 

It will be seen by a glance at the tabulated expressions which follow, 
that both the numerators and denominators in the value of the perpen- 
dicular are determined by the simple law of a geometric series in which 2 
is the common ratio. 



(1, s(£-) = 

(2.) 2 (J) = 

(5.) .(fi) = 

(8.) zQ) = 

(9.) S(J) = 



(10) HS) = 



1 1 


= 


K^) 


, 1 
7 


= 


o 


, 1 


= 


O 


, 1 


= 


-(J) 


1 1 
7 


= 


-Q 


, 1 
7 


= 


-O- 


, 1 


= 


-O- 


, 1 
7 


= 


-O 


, 1 
'' 7 


= 


-o 




^ 


^(p- 
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The same law will be observed to regulate the values of the perpen- 
diculars in cousecutiye surfaces which are eitpressed uoder a negatiye 
index ; as may be seen in the following series. 

(•) -G) = '^ ,4- = H9- 

(«■> <J) = '^ ,4 = KS)- 

"■' -(^) ' '■■ > = -(S)- 

<') Ki^) = '^ ^ = -©• 

(') KJ) = '^ > = -6> 



68 



GENERAL SUEPACE. 



(XVITI.) By writing » — 1 = w, ia the general formulae, page 23, 
they will be transformed into the following expressions. 




in— 1 2 m— 1 

m m m m m 

pm /?m— ly>m— 2 ... /> rm—l rni— 2 r^ 



m— ] 2 in— 1* 

2 2m 2m 2m 2m 2m 

jpm— IJPm— 2 ...jp Tm— 1 Tm— 2 ... r. 



(1) 



(2) 



m+1 



m — 1 m — 1* 

m+1 (m+l)m (m+l)m m+1 (m+l)m (m+l)m 
JPm— 1 JPm— 2 . . . J» rm ^m— 1 . . . r^ 



(3) 



In employing this modification of the forniulge, consecutive values of 
m may, of course, be taken, but with each variation in value the surface 
itself changes ; its general type being. 



(t)""= '■■ 



in all instances in which n is positive : but, if the index is negative, we 
have — » = w + 1, and the seiies of surfaces will be represented 
under the form, 



■■&" = 



Consistently with the hypothesis respecting m, which in its first accep- 
tation has been necessarily assumed to be integral, n must be also intej^ral, 
in the application of the last set of formulae ; if the surface is such that 
n is fractional they caiinit be employed, in any sense in which the proper- 
ties of these expressions have been hitherto considered. It may, however, 
be not impossible that a consistent interpretation is assignable even to 
fractional val «es of m. At a first view this may appear paradoxical; yet 
there does Kot seem to be any sufficient reason, e.g., why such an ex- 
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pression asj!?|, or r^, in the preceding pages, should not, in an analytical 

sense, be as much capable of interpretation as — — j-. And we cnnnot but 

recollect that results have been obtained in the functional analysis which, 
before they had been established, were not less beyond anticipation.* 

If n = 2, and conseqently m = 1, the surface being then the 
ellipsoid, the index of a, as it has been before remarked, will take the 

indefinite form — ; then, 

m 
(m + 1) m — 2 m m 

^ ~Y- = (m + l)in ()+login) + m = 3; 

m 
(m + l)(m — 1) ^ T^ 

^ ^±j ^ = (m+l)m (l + login) + m-l = 2; 

although, perhaps, it may seem hardly necessary to reproduce this 
evaluation, since it has been already included in page 26, under the 
original form of the index. 

• See Gregory's General Difierentiation. &c. 



CHAPTER IT. 



(I.) The object of this chapter is to deduce, in some instances, 
equations of relation between consecutive radii and perpendiculars in the 
ellipsoid. It is clear that these relations may exist in infinite variety, 
and we have to select a few only of those which appear to present the 
most interesting features in point of form. 

Taking the second of the formulae given at page 26, 

jf^? _ 1 

Pm—ipm—2...p rm—irvit-9... r, 
Noir, let it be assumed that 

1 fl _ 1 _ 1 

_8 1 

Fm— 1 =^2 2 2 2* 

Jt^m— 1 . . . i? Tm— 1 . . . r^ 

then, if we take four consecutive equations, they may be written, 

om «« + iSm y« + ym^* = PV~l. (1) 

ani~iar« + Pm--\y^ + ym-l ^^ = PV-2. (2) 

am— 2a?2 + iSm— 2y^ + ym— 2 i?^ = PV-3. (3) 

om— 3a^ + )5m-3y' + ym— 3 i?' = P^in-4. (i) 

From any three of these, when x^ y^ z^ have been determined in 
terms of the other quantities, their elimination from the remaining equation 
will lead to a relation between the radii and tangent-perpendiculars of the 
surface. 
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As the conclusions which follow may be verified by any one who takes 
an interest in the subject, it does not seem necessary to express in detail 
the determination of the co-ordinates. The method which appears to be 
the most convenient is that of indeterminate factors, keeping in view that 
the constants am ^m ^m «^ subject to the law of indices. After the 
requisite reductions have been made, there will then be, from the three 
first equations, 

^2 ^ PVi - (g-f y)PV, + ^gyPVa 

ttui-a (a — /3J (a ~ y) 

v3 = - ^Vi ~_ (^ + y) P'm , , 4- gy P^m^s 
^ /?m-a (a - j8) 08 - y) 

yni_a (g — y) (^ ~ y) 

(II.) Of the infinite number of equations derivable from the ellipsoid 
which may be taken for the elimination of these co-ordinates, we select, 
in the first instance, that which is next in order of sequence ; equation (4), 
page 68: 

Consequently, 

gm-3 PVi "^ '^yj ^^'»-« "^ ^y ^^°^-» ~ 

am-, (a - ^ (g -^ y) 

/3m-3 P^m-i - (g -^ y) P^m-a -l- gy V^m-^ . 
i3,a-a (a ~ )8) 08 - y) 

Y^s PVi - (g 4- )8) PVa -I- «)g PV» ^ p2 
ym., (g-y) (^ - y) 

Now, since the suffixed symbols of a )3 y follow, in this notation, the 
law of indices, 

gm-s _. Jj_ . Pm-a j_. J_ . ym-a __ JL_ . 
am-a o. ' ^m_t fi ' ym-a y ' 



(3.)- 
»i = 1, ar* -h ... = r*. 



»* = 2, ~ -h 






= 3.-4- = « . 



fl* r,2 r* 



4. -1. + 



3 



m = 9, 



.16 ' • • • ^4 ^.18 



^10 ^ ••• ^4 -16" 



(XIIL) Development for the surface, 



(I.)- 



- = 1' p 



w = 3, 
w = 4, 



ar27 



9iP 




p^r? 




P2 P, 




P?r,^ 
Ps P% P^ ^* 




;..8/7,,s. 


27 


P4 P% P? '' 


9' 

2 
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(III.) In place of the equation (4), page 68, we now select for the 
eliminatijn of the co-ordinates the next in succession ; viz. — 

a„,_^a?2 + p^^y^ 4- y^^z^ = P2^_^.. 
We have, then. ^^^i^ = -1 ; 



aySy ^a ^ ft ^ y) 
= a*6*c*(a* + l>* + c*). 
B = ^+y _ «+y , a+^ 

a, (a-/3) (a-y) fi, (a-fi) (fi-y) ^ y, (a-y) (yS-y)' 

c = ^y _ ^r . «)^ 

a, (a-^) (a-y) ^, (a-/3) (^-y) y, (a-y) (^-y)' 

= 7» («2 ^2 H-tta 72 +^2 72 +"2 1^7 + <^l^ ^7 + ".^7 2) ' 

^a Ha 72 

= a^ -h b^ + c^ + a'^d^ + a^ c^ + ^^ ^.4. 

= fl4 (,,4 ^ ^4) + ^4 (/,4 ^ ^.4) _^. c4 (c4 ^_ a% 

By substituting the values of the co-efficieriis in the equation, 

■A^j -t m— I ~r A>2 -^ m-a T" ^a -^ ni_3 = ■»■ m_5» 

we obtain, after increasing the suffix m by unity, 

P^m P^m-i i?^m_2 i^^m-a ^^m r^m-i ^^ni-a ^^m-a — 
(a4+^4) (a4+c4) (d4 + c*)/m r2„, ~ «* ^4 ^4 (^4 + ^4 + r^) = 0. (2.) 



CO GENERAL SURFACE. 

(XIV.) Deyelopment for the surface, 

(1.)- 



m 


= 


1. 




+ ... 


= 


1 
P, P 


m 


= 


8. 


?5 


+ ... 


= 


P*r* 
PtP, 


fn 


= 


8. 




+ ... 


= 


P.*r,* 




P»P,P''r}' 


m 


» 


4. 


«8M 

a"* 


+ ... 


= 


p,*l^r,*r,t* 
Pa P» P}^ >•." 


fn 


= 


6. 




+ ... 


= 


P** P^ r,* r,« 




P.i'.i»."i'«"'-"r2w 



(2.)- 

^ = J. _+...= ^. 

ai8 p^ 



49B r 8 



m 


= 8, 


5155 + 


m 


= 4. 


«"8 

^806 ^ 


m 


= 6, 


fll280 



j>,V*^'' 
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^m i?^ra-i Fin-j i?-in_3 I^^m-^ ^"^ ^^^-i ''^^n-a ^^"i-s ^^"^4 "" 

«4 ^4 ^4 ^^4 (u^^b^) + h^ {h^^C^) + C* (cHrt*) = 0. (3.) 

Oa reducing the surface to a sphere we have the formula of verification, 
;.20 _ 10 fli2 ,^ + 15 «!« r^ - 6 a20 = ; 

which is equivalent to the factorial expression, 

(;^ « ^4)3 (,^8 ^ 3^4 p4 4_ 6^8) -. : 

.". r = a. 

(V.) It is not necessary to adduce further, in tliis place, individual 
instances of elimination similar to those which have been here developed ; 
although it may be worth notice, that, as they are capable of endless 
extension, it is not unlikely that many very curious combinations might 
be elicited. Instead, then, of dwelling longer, at present, upon particular 
cases, we shall examine the general forms of the co-efficients. 

The general form of the eliminating equation is, 

am-k a^ + Aa-k y^ + 7m-k 2^ = P^m-k- 1 ; 

and it is evident that, as the value of k becomes greater, the complexity 
of the final equation, as well as the number of lines which it involves, 
will be increased. 

L 
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Let tlie corresponding co-efficients be written, 
Ak_2 ; Bk.a ; Ck_2 ; 



then, ^:^^ = -i-; &c. : 

ttm-a ak-2 



and we shall have the following expressions, 



A 1 1 

Ak_a = 



ak_2 [a-13) (a-y) /?k_2 (a-^) ^-y) 7k- a (a-y) (^-y)' 



Bk 2 = ^+y - ?Lty + ^±L_ 

ak_2 (a-iS) (a-y) ^k^a («-^) (fi-/) 7k-a (^-y) (^-y) 



Cv = ^y _ ^y . ^^ 

ak.a (a-^ (a-y) ^k-2 (a-^) (^-y) yk-2 (a-y) (/3-y)' 



consequently. 



A = ak-a ^k-a (a— ^ — ^k-a yk-a («— y) -i" ^k-a yk-a(/^— y) 

ak-a ^k-a yk-a (a-)S) (a-y) (^-y) 

B — ak-a^k-a(aa— ^a) — ak-ayk-aCaa— ya)+^k-ayk-2(^a-ya) 

ak_a ^k-3 yk_a (a-^) (a-yj (^-y) 



Ck_ = '^k- i ^k-i (a-^)-ak_i yk-i (a— y) + ^k-i yk-i (fi—y) 
ak_a ^k-a yk-a (a-^) (a-y) (^-y) 

In all cases, the numerators of these fractions are divisible without 
remainder by the binomial factors in the denominators ; this is evident, 
because either of the assumptions, a— j8=0; a — y=0; 
P — y = ; will cause both of the terms to vanish : and it would not 
be difficult to expand them into series, according to the method afterwards 
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adopted in regard to similar functions. There is, however, no necessity 
to exhibit the^e quantities under such a form, since, for adaptation to 
particular cases, the present arrangement is sufficiently convenient. 

(VI ) After introducing the values of the constants which have been 
now determined, into the general equation, viz. : 

A-k-a •» m-i — -I'k-a " m—a ~r ^k— a ■»• "111—3 ^~ t~ni_k-i J 

the general equation will result, 

Ck-2 p^m—l J^^rn-S r^rn— 1 r^m—2 + 
Bk— 3 i?-m— 1 r^m-.] — 

Ak-2 = 0. 

(VII.) The line r, the first vectorial radius, does not appear in any 
of the preceding equations, after (13), page 4 ; it may be introduced by 
selecting for the eliminating equation, 

X- + t/" + z- = r-. 
Then, from page 69, 



1 "ni-i 


-08 


4- 


y) r-m-. 


+ )8y 


P^n,- 


-3 




am- 2 


ia 


-13) (a 


-y) 






P\_. 


-(a 


+ 


7) P^m_. 


+ ay 


PV 


:3 



Pm-Aa- fi) (fi-7) "*" 



F-m-. - (g + /3) P^n.- , + ay3 Py, ^ ^j 
7m_a (a — y) (^ — y) 
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(VIII.) We proceed to develop into series the co-eflScients involved 
in the preceding elimination ; the first of which will be, 

^ __ am-i ffm-a (a— ffl — am-a Vm-i («— y)4-ffm-i yW-t (ff— v) 

™"' am_a ^m_j ym_a (a-/3) (a-y) (^-y) 

Let the denominator be represented, at first, by B, and by D^ D, 
when the fraction has been cleared of the factors OS— y) and (a— y) ; 
then, 

Am-3 =-jT \ ttm-i (^m-j-7ni-2)-am_808m_i-ym_i)4-^m_aym-j(^-yJ | • 
= .jy< am— 1 03m— 3 + )Sm— 4y + ... + )Sym— 4 + ym— 3) 

— am- 2 O^m— 2 4" )Sm-3 y + ... + i^ym— 3 + ym— 2) 
+ )Sra— 2 ym— 2 > . 

Since the expansion of ^ ~" ^ contains ^ terms, there will be here 
P - y 
(m — 2) -h (wi — 1) + 1 terms, = 2 (»i — 1) ; and, since this is 
an even nun;ber, they may be combined in (in — 1) terms of a binominal 
form ; then, after two reductions, 

Am— 2 = g- < (a— y) am— 2 O^m— 3 + )Sm— 4 y+ ... +)Sym— 4. + ym— 3). 
— )3m— 2 (am— 2 — ym— 2) > . 
= =^ i am— 2 O^m-3 + /Sm— 4 y + ... + )Sym— 4 + ym— 3) 

— /?m— 2 (am— 3 + am— 4 y + ... + aym— 4 + ym— 3) > . 
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The first of the two component series involves 7n — 2 terms, and the 
second an equal number ; in all, therefore, there are 2 (w — 2) tenns, 
which may be incorporated into m — 2 binomials, each of which includes 
the factor (a — /?) : after the expansions have been effected we shall find, 
ultimately, 

Am— 2 = 3 -I am— 3 )Sm— 3 + am— 4)Sm— 4(a-|-)8>y 

am— 2 iSm— 2 ym— 2 ( r- k r-^i 



+ am— 5 )Sm— 5 (a2 + a^ + )S2) y2 

+ ... 

This series will always end with the first terra involving a© )So, a factor 
which is equal to unity. 

The number of terms included in this co-efficient is 

= 1 -f 2 4- 3 + ... to VI — 2 terms. 

= i (;;, _ 1) (^ - 2). 
For the determination of the second co-efficient we have, 

Bm— 2 = ^"jam(^m-a— ym_a) — am-aO^m— 7ni) + )Sm_jym_j(^j— ya)>. 

= =r- J amOSm— 3 + )9m— 4 y + ... to w— 2 terms) 

— am— 2 (j8m— 1 — )9m— 2 y + ... to W terms) 
4- i3m-2yin— 2 08+y) 
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In this expansion there are, in all, (ni—2) + (w + 2) terms, = 2m, 
and we remove the two last from the second Hue, combining them with 
the third line ; then, 

Bm— 2 = — I amOSm— 3 + /?m— 4 y + ... to »i— 2 terms) 

— am— 2 O^m— 1 + )3m— 2 y + ... to m—2 terms) 

— (am— 2 — Pm—2) /?yin— 2 — (am— 2— )Sm— 2) ym— 1 
= •=y I am— 2 (a2 — /?2) O^m— 3 -f /?in-4 y + ... ) 

— j8ym— 2 (am— 2 — /?m— 2) — ym— 1 (am— 2— /?iu— 2) [ 

In this arrangement theie are m binomials, and in the next expansion 
we divide by (a— j8), calling 

D2 = am— 2 /?m— 2 ym— 2 (a—y) ; 
.-. Bm-2 = i |am-2 (a + ^S) OSm-3 + /?m-4 y + ... ) 

— (am— 3 + am— 4^ + ... ) ^ym— 2 

— (am— 3 4- am— 4 /? + ... ) ym— 1 > 

This expression contains 4(?»— 2) single terms, which may be incor- 
porated into 2(;«— 2) binomials, each involving the factor (a—y). In 
order to this the two last serial terms must be inverted, and we shall 
have, 

Bm— 2 — tT" J ^m-i ^m-3 +"m_a ^m-j + «m-i ^m_4 y + am-j ^m-sy 
+ am— 1 ^m— 5 y2 + am— 2 /?m— 4 y2 + ... 

— 03m-3 + a/?m— 4 + ... ) )9yin— 2 

— (/?m— 3 + a)3m— 4 + ... ) ym— 1 



I 
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= Yf I C**™— ) — ym— l) )Sin— 3 + (am—2 — ym— 2) a)Sm— 4y 

+ ... to «i — 3 terms. 

4- (am— 2 — ym— 2) Pm—% + (am— 3 — ym— 3) a)Sm— 8 y 

4- ... to 7;t — 2 terms. 

/. Bm— 2 = ^ ] (am-2 + am-3 y + ... ) )Sm— 3 

am—2 pm— 2 ym— 2 (. 

4- (am— 3 + am—* y + ... ) a)Sm— 4 y 

4- ... 

4- (am— 3 4- am— 4 y 4" ... ) /?m— 2 

4- (am— 4 4- am— 6 y 4" ... ) a^m— 3 y 

4- ... 

In each of the two sets composing this co-efficient there are {m — 2) 
series, the terms of which form arithmetic progressions in regard to the 
suffixed symbols, with the common difference (— 1) ; hence. 



in 1st set, sum of terms = (w— 1) -h (w— 2) 4-... = -— (»i— 2)(m4-l): 
„ 2nd „ „ ,. = (w-2)4-(»i-3)4-... = y(w-2Xw-l): 



consequently the whole number of terms in Bm— 2 is = »i(w— 2). 



80 ELLIPSOID. 

The third co-efficient will be, 

Cm-a =-Ty | am(^ni_i — ym_i) — am_i(^m— rm)+ /^ni-i ym-i(l^-y) J • 

= ^{««^ (fi^-^ + /?m-3y + ... ) 

— am-1 (/?in— 1 + jSm— 2 y 4" ... ) 
+■ iSm— 1 ym— 1. 

This expression contains (m—1) -\- (//i + 1) terms, = 2;;/, which 
may be incorporated into m binomials ; then we find, 

Cm— 2 = jr-< am— 1 /?m— 2 (a— y) 

+ am— 1 /?m— 3 y (a— y) 

4- ... 

— )Sm— 1 (am— 1 — ym— l). 

= z^ ^ am— 1 iSm— 2 + am— 1 j8m— 3 y -f ... 

— )Sm— 1 (am— 2 4" am— 3 y 4" ... ). 

The last series may be resolved into (m—1) binomials, each containing 
the factor (a—p) ; hence there is, finally, 

Cm— 2 = ^ \ am— 2i8m— 2 4" am— 3 /?ra— 3 (a4-i8) V 

am— 2 )Sm— 2 ym— 2 I /- v r-/ ^ 

+ am— 4 /?m— 4 (a2 4" a)8 4" P^) y2 

4- ... 
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(IX.) The suffixed symbol m may be increased by unity throughout 
the investigation ; and, before extending their application to particular 
cases, it is convenient to recapitulate the expansions which have been 
deduced for the several co-efficients : in doing this, since the quantities 
which enter into the series are similarly involved, the symbols )Sy, in 
the development of Bm~l, may be transposed, so that we shall have. 

Am— 1 = ^ \ am— 2 i^m— 3 + am— 3 jSm— 3 (a+i8)y 

am— 1 )Sm— 1 ym— I I #- x r-/ / 

+ am— 4 i5m-4 (a2 +a^-|-^2) y2 

4- ... 

Bm— 1 = 5 \ (am— 1 + am— 2 jS + ... ) Ym— 2 

am— 1 ^m— 1 ym— 1 I 

+ (am— 2 + am— 3 ^ + ... ) a^ym— 3 

+ (am— 8 4- am— 4^8 + ... ) a2 ^82 ym-4 

+ ... 

+ (am— 2 + am— 3 j8 + ... ) ym— 1 

+ (am— 3 + am— 4 ^8 + ... ) a)8ym— 2 

+ (am— 4 + am— 5 jS + ... ) a2 ^2 ym— 3 

+ ... 



Cm-1 = 

am-. 



— \ am— 1 i8m— 1 + am— 2 i^m— 2 (a+^ y 

-1 pm — 1 T'm— 1 C 

+ am— 8 i8m— 8 (a2 + a^ + ^2) y2 
+ ... 
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In these expressions, Am— l contains ^^ ^ terms 
Bm-l „ (^2-1) „ 



Cm-l 



i 



CoE. It is evident that the co-eflBcient Cm— l might have been 
inferred, without an independent development, by writing m -\- \ for m 
in the numerator of Am— 1. 

(X.) After m has been augmented by unity in (VIE), page 75, and 
a proper arrangement given to the terms, there will be found, 

r2 = Am-1 P^m - Bm-1 P^m-l + Cm-l P^m-g. 

which is equivalent to the general equation, 

j^^m jp^m— 1 ... !pf' Jp^ /^ja /"^m— 1 ... rf r^ 

— Cm-rl p^m i^^m— 1 r^m r^m— 1 

+ Bm-1 p^m rV 

— Am— 1 = 0. 

(XI.) Some developments of these formulae will here be given ; in 
each of them it is to be recpUected that the series will end so soon as a 
term appears containing oq, ^o> oryo* 



(1.)— Let 7» = 2. 
1 



A, = -1- = a* b^ c^. 



a^yl 'J o.p ay Py 

0, = -\-{^P + (a+^)y} = i- + 1. + -i = a^^b^^c 
apy I J a p y 
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The consequent relation between the six lines r r^r^ PPiP% is, then, 

This equation has been already obtained by an independent elimination 
in (1), page 70, if we there write m = 2; considering Tq = r, po = p, 

(2.)— Let m =: S. 
A, = —^lap + ay + ^y] = aH^ <^ {a^ + b^ + c% 

= (a* + «*) (a* + c*) (i* + c*). 
C, = — ^{a,^, +a^(a+/3)y + (a,+ a)3+yS,)7,}. 

Hence, as in (2), page 71, 

P^3 P^% Pfp^ ^% ^^ ^/^ ^^ — 

{a* (aH^*J + ^* (3Hc*) + 0* (c^+a*)} i^% f^ r\ f\ + 

(a*+i4) (a*+c*) (i*+c4)jp33 r^ - a* 5* c* (a* + 5* + c*) = 0. 

(3.) — In the developments which follow, the co-efficients will be ex- 
hibited, without any further reduction into factors, under the symmetrical 
forms which they naturally assume. 



84 ELLIPSOID. 

Let m = 4. 
A3 = a^ b^ (^[((fi + a^b^ + ^8) + (^4 4. 34) ^ ^ ^ J. 

B3 = (al2 + ^8^4 ^. ^438 ^ 512)^ 

+ (a8 + 0*^4 + ^8) c8 
4- (a* + ^4) ci3 
+ (a8 + fl4 34 + 38) ^4 34 

+ (fl* 4- 4*) a* i* c* 

C3 = (al2 4. flS 34 + ^4 38 4. 312) 

+ (flS + a* i* + 58) y 

Hence, the relation between ten consecutive lines is found to be, 

+ («8 + a* i* 4- i^ c* 

4- (a* 4- i*) c8 4- ci2j ^2^ ^2^ ^^ ^2^ 4. 
{(ai2 + ^834 + ^433 ^ 312) ^4 
+ (^8 + a4 34 4- ^^) c8 

+ (a8 + a*54 4- i«) a^b^ 

4- (a* 4- i*) a^b^d^ 

4- a*4*c8} ;?2^ r2^ - 

fl4 b^ c*{(a8 4. a* ^ 4- *») 4- (a* 4- i*) ^ + c^\ = 0. 
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In verification of this equation, the reduction to the sphere will give, 
1 — 10 + 15 — 6 = 0, identically. 

(4.)-Let m = 5. 

A^ = a^b^C^ {(al2 + «8 54 ^ ^4 ^8 ^ ^12) 

+ («» + a* i* + b^) c* 
+ (a* + b^) c8 

B^ = («!« -f a^^ b^ + a^b^ + a^ b^^ + b^^) c* 

-f (al2 + fl8 ^4 4. ^4 ^8 4. ^12) c8 

4- (a« 4- a^b^ + b^) c^^ 
+ (a* + b^) cl« 
4- (a^^ + a8 54 + a* ^» + b^^) a^ b^ 

+ (a® + a* i* + ^8) a* b^ c* 
+ (a* + b^) a^ b^ c8 

C^ = («!« -f ai3 i* 4. flS 58 4_ a* ii2 4. 5i«) 

+ (ai2 4. a8 i* 4- tf* ^» + b^^) c* 

+ (flS + fl^i* 4- a®) c8 

4- (a* 4- b^) ci3 
+ ci6 
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These values of the co-efl&cients having been introduced into the 
general equation, there wiJI be obtained as the relation between the first 
12 lines: 

f. P\ P\ f^ P? ^ r\ r\ r\ r\ r? r^ 
- C^ p\ p\ r\ r\ + B^ p\ r\ - A^ = 
(5.)— Let w = 6. 

The relation between 14 lines will then be, 
P\ P\ P\ P\ P\ Pf P" r\ f^s r\ r\ r^, r? r^ 
- C, p\ p\ r\ r\ + B, f, r\ - A, = 0. 

As = a^h^c^ {(fli« + ai2 54, + ^8*8 + a^ b^^ + b^^) 

+ (al3 ^. flS ^ ^. ^4 28 ^. ^12) ^ 
4- (a8 + «4 ^ + ^8) c8 

+ ci«}. 

Bs = («20 ^ «!« ^4 + «!« ^8 + flS 312 + ^4. 516 4. ^20) ^4 

+ (a}^ ^- fli3 54 + ^8 ^8 + a^ 512 ^. 516) fS 
+ (^12 + ^8 54 + a4 58 + 512) cl2 
+ (a8 + a^b^ + 38)ci6 
+ (a4 4. 54) c20. 
^ (a^e + fll5^ ^4 -^ fl8 58 ^ ^ 512 4. 5I6) a^ 54 

+ (al2 ^. ^8 54 ^. a4 58 + ^12) ^4 54 c4 
4. (a8 4- a4 54 4. 58) a4 54 c8 
^ (^4 ^. 54) a^ 54 cl2 
4- o4 54 c^6 



^ 
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C^ = (a20 H- ai« b^ + al^ b^ + a^ bl^ + a* ii« + ^20) 

+ (ai« + cia b^ + a^b^ + a* 51a 4. ^16) ^4 
+ (ai2 + a8 i'l' + o^ 68 + ^12) c« 
+ (a8 + a4 ^4 + ^8) ^12 

+ c20. 



In Aj there are — m (m—l) terms = 15. 



B, ,. „ (»^2-l) „ = 85. 



C5 „ » yi»(»t+l) „ = 21. 



As a verification, 'when the surface is reduced to a sphere, the equation 
becomes, 

1 — 21 + 35-15 = Oi identically. 

(6.)— Let w = 7. 

The equation between the first 16 radii and perpendicidars is then, 
I^n P\ P\ P\ P\ V\ P? f ^\ r\ f\ r2^ r^, r^, rj^ r^ 
- C, pS p\ r\ r3, + B, p^ r\ - A, = 0. 
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In which there will be found, for the values of the co-efficients, the 
following expressions ; 

Ae = a^b*C* [(a^O ^- ^16 ^4 ^ ^12 ^8 ^ ^8 ^12 ^ ^4 ^16 ^ ^20) 

+ al6 4. ^12 ^4 4. «8 ^8 ^ ^4 512 ^ 5I6) ^ 

+ (ai2 4- a8 ^* + a* ^8 + ^^2) c® 
+ (a8 + a* ** + b^) ci2 
4- (a* + b^) c^^ 

B<j = (a"^ + a^O 1,4, 4. ^16 58 4. fll2 ^12 + ^8 ^16 4_ ^4 520 ^ ^24) ^ 
4. (^20 + ^16 54 4. ^12 ^8 4. fl8 512 ^ ^4 ^16 + ^20) ^ 
+ (al« + ^12 ^4 + a8 ^8 4. ^4 ^12 + ^16) ^12 
4_ ^^12 + ^8 ^4 + ^4 J8 4. ^12) ^16 
+ (flS 4. «4 54 + ^8) ^20 
4_ (^4 4- ^4)^24. 
+ (a20 + fll6 ^4 + a}2 ^8 4. ^8 ^12 + a^ bid + ^20) a* ^4 

+ («!« + ai2 i* + a8 ^8 + a* ^12 + b^^) a^ b^ c^ 

+ (al2 + a8 i* + a^^ d® + ^1^) ^4 ^4 ^8 

+ (flS + a* ^4, + 58) a* ^ cl2 

+ (a* + b^) a* ^ ci« 

4. a4 ^ ^20. 
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Cg = (a24 + «20 ^4 4. ^16 ^8 ^ ^12 ^12 ^_ ^8 ^16 + ^4 ^20 ^ ^24) 

+ (fl20 4. al6 ^4 + fll2 ^8 _,_ ^8 513 4. ^4 ^16 + ^20) ^4 

+ (al6 + fll2 54 _^ ^8 58 4. ^4 512 4. ^16) c8 

+ Cal2 4. ^8 ^4 4. ^4 iJ8 4. 512) ^12 

+ (flS + a4 ^4 4. 58) cl6 

+ (a4 4. 54)c20. 

fn Ag there are here, -— m (wi— 1) terms = 21. 
Be „ ,, (^i2__i) ,, = 48. 

Ce ,, „ ym(^i+l) „ = 28. 

The reduction to the sphere will give the identical equation, 
1-28 + 48-21 = 0. 

(6.)— Let w = 8. 

The equation between the first 18 radii and perpendiculars will be, 
;?% f^ f^ f^ f^ f-^ f^ pf f r% T^^ r^g ;% r^ ^ r^^ r^, rf r^ 



- C, p\ i?% /•% r% + B, p\ r\ - A, = 0. 

N 
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+ (fl20 + fll6 ^4 ^ ^12 Ifi^aS bli^a^ il« + ^0) ^.4 

+ {a^^ + fl^2 ^4 + a8 ^8 ^ ^4 512 ^ 5I6) fS 

+ (fll3 + a8 ^4 ^ ^4 ^8 ^ ^12) el2 

+ (a8 +a* ^* + ^«) c^« 
+ (a* + ^*) (^ 

+ C24j. 

B, = («28 + «24 ^4 ^ «20 58 ^.^16 ^12 4.^12 ^16^^8 520 ^^4 ^24^.528)^ 

+ (a^ + a^^ ^* + «^® ^® + a^^ b^^ + «« di« + a^ ^20 ^ ^24) ^ 

+ (a^o + ai« ^4 + ^12^8 + a8 3^2 -|- ^4 5I6 ^ 520) ^12 

+ (a^« + ai2 ^4 4. ^8 i^^a^ b^^+b^^) ci« 

+ (a^2 ^. «8 ^4^.^4 58 4. ^12) ^20 

+ (a* + ^*) c28. 
4. (a24^.fl20 34+al6^8^al2 ^Ig + flS^lHa* 320-|-524) a4: ^4 

4- (a20+al6^ + al2^8^^8 512 + ^4^16 4. ^20)^4 ^ ^ 

4- (aiHal2 544.^8 ^8 4.^4 512+^16) ^4 ^4 fS 

+ (al2 4. a8 54 _|. «4 ^8 ^ 512) ^4 ^4 cl2 

-t- («» + «* ^ + ^) fl* 54 cl6 

+ (a* + b^) a4 ^4 c20 

+ tt* ^4 ca4. 
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C , = (ft'28 + ^24 J4 + a^O 38 ^ ^16 ^12 ^ ^12 5I6 ^ ^8 ^20 + ^4 ^24 + 528) 

4. (fl24 4-^20 ^44. ^16 58 4.^12 ^12 4.^8 ^164.^4 ^20 + 524) (A> 

4. («20 4. e^ie ^4 + ^12 ^8 4. ^8 513 ^ ^4 ^16 4. ^20) ^8 

+ (al6 4- ^^12 ^4 4. a8 584. a4 5124.^16) cl2 

+ (ai2 4. ei«i* + a4 ^84.^12)0^6 

+ (a8 + a* d* + b^) c20 

4- (a4 4. 54) c24 
+ C28 

In A^ there &re -— m(jn — I) terms = 28. 
„ B, „ „ {m^-\) „ = 03. 

» C, „ „ —m(m + \) „ = 36. 

The reduction to the sphere will, therefore, give the identical equation, 
1-36 + 63-28 = 0. 
(7.)— Let m = 9. 

The equation between the first 20 radii and perpendiculars will be, 
P\ P\ fn V\ V\ P\ P\ P\ PfP^ r\ t\ t\ r\ r\ r\ r\ r\ rf r« 
- ^^P\p\r\T\ + B3;;%r%-A3 = 0. 

A, = 045404^(^284.^24544.^20584.^165134.^125164.^85204.^4524^528)^4 

+ (a24 + a20 54 4. ^16 58 4. ^12 512 4. ^8 5164.^4 520 4. 524) c8 

+ (a20 4- ai« 54 + ai3 58 4. ^8 512 ^ ^4 516 ^ 520) ^12 

+ (ai«+fli2 54 4.^8 58 + ^4 512 .1.5I6) cl6 

+ (fli3 + a®^* + a4 58 + di»)c20 

+ (a8 + a4^ + d8) c24 

4- (a* + y^) c28 



• ll 
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+ (a28 + ^24 ^4 ^ ^20 58 ^ ^16 ^12 ^ ^12 ^16 ^_ ^8 ^20 + ^4324^ ^28) ^8 
+ (a24+fl20 54^al6 584.^12 5124.^8 5l6^_«4 520^524) ^12 

+ («!« + a^^ b^ ^a^b^-\- a^ ^12 ^ 5I6) ^20 

+ (fll2 4. ^8 54 ^ ^4 58 ^ ^12) ^24 

+ (a^-ha^b^-h ^«)c-» 

+ (fl28 4. fl24 54 ^ ^20 58 ^. ^16 512 ^ ^12 ^16 4. ^8 ^20 ^ ^4 ^24 ^ ^28) ^4 ^4 

+ («24 ^ «20 ^4 ^ ^16 ^8 ^ ^12 ^12 4. ^8 ^16 + fl4 ^20 + ^24) ^4 ^4 ^4 
+ (a20 + «16 54 ^ «12 ^8 4. ^8 5] 2 -I- a^ ^16 ^ ^20) «4 ^4 ^ 
+ (^16 4. «12 54 4. ^8 ^8 4. ^4 312 + 5I6) «4 54 ^12 
+ (^12 4- flS 54 4. ^4 58 4. ^12) fl4 ^ ^16 

+ (a8 4-^454 4. 58)^454^20 
• + (a^ + b^)a^b^c^ 

Cg = (a32 4.^28 54 4. ^24 58 4,^20512 4.^16 516^ ^12 520 4. ^8 524 4.^4 528 4. 582) 
4. (a284-rt24 544.a20 584.^16 5124.al2il6 4.a®*^0 + fl**^+^28) (A 
+ (a24 4. fl20 54 4_ ^16 58 4. ^12 512 4. ^8 5I6 4. fl4 52O 4- 524) ^8 
4- (^20 4. fll6 54 4. ^12 58 4. ^8 512 4. ^4 5I6 4. 52O) cl2 
4. (fll6 4. ^12544. 08584.^45124.516) ^16 
4. (fll2 4- fl8 54 4. ^4 58 4. 512) ^20 
+ (a8 4-^4544. 58) ^24 
4_ (^4 4- 54) ^28 



u 
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(XII.) In concluding this part of the subject, it is to be remarked 
that the co-efficients Am—], Bm— 1, Cm—], which have been employed in 
these expansions, are subject to three separate conditions; vAhich may 
be incorporated into a single equation. 

On exaffljiation of (1), (XI), page 82, we observe tlie relation, 
c4 B, = (C, - c4) c8 4- A,. 
A, - c^B, + c8C, = cl2. 

The axes being symmetrically combined in all the equations, it 
follows that, 

A, - b^B, + b^ C, = bl'2. 
A, - a^B, + a^ C, = «12. 
consequently, since 2 (a^) = 3, 

A, 2 (flO) - B, 2 («4) + C, S (a8) = S (fll2). 
In a similar way will be found the relations, 

A, - c* B, + c8 C, = ci6. 
A, - 54 Bj + b^ Ca = b^\ 

A, - fl4 B, + flS C, = fll6. 
.'. A, S(aO) - B, S(a4) + C, S (a^) = S (fli6). 

In the general case there are the relations, 

Am-l - a^ Bm-l + «® Cm-1 = a^^^^). 

Am-1 - 34 Bm-l + 38 Cm-] = Wm+1). 

Am-l - c4Bm-l + c8Cm-l = ^(«^+l). 

/. Am-l S(fl^) - Bm-l S(a*) + Cm-1 S(a») = 2;{fl4-(m+l) j. (]) 
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From the last equation may be derived a verification of the preceding 
expansions. Por, if the surface is reduced to a spliere, the general 
co-efficients, page 81, will severally take the values, 

Axn-l = ^^(^""^^ J- = ^^(^-^) a4(m+l). 
2 am+l 2 

Bm-1 = (W»-1) — = (m»-I) a4.m. 

Cm-l = ^^^"^^^ — L = ^^(^•^^) a4(m-l). 
2 am— 1 2 



The introduction of these expressions into the equation (1) will 
give the identity, 

^(m-l) - (^i»-l) + ^(m-^l) -1 = 0. 

From these equations of condition, which obtain among the co- 
efficients, it appears that in each series any one of them may be elimi- 
nated in terms of the remaining co-efficients ; but this elimination leads 
to no new combinations. 



CHAPTER V. 



(I.) The investigation has hitherto^ under an assumed hypothesis, 
exhibited to a certain extent connections existing between lines which 
belong to a given surface. In the present chapter it is further proposed 
to examine some of the relations connecting a system of surfaces gene- 
rated from the primitive according to a given law. 

Let it be conceived that a second ellipsoid is drawn through the 
point P^, fig. 2, so situated and of such proportions that the first 
vectorial radius r shall be perpendicular to the tangent plane in contact 
with the second surface at P^ ; it is required to determine this second 
sui'face. 

The directions of the three principal planes in each ellipsoid are 
assumed to be coincident. 

Let a^ h^ c^ be the semi-axes of the second surface ; then, since P^ is 
situated upon it, if x^ y^ z, are co-ordinates of that point, 

«/ */ c, 

Now, if f = ftf , iy = v£, represent a perpendicular drawn from the 
centre upon a tangent plane of any ellipsoid, given by the equation, 

il + ^ + £l = 1; 

„« j8» y» 



a 



i^e bare, 



u = Zif. V = UlL. 
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Since the line r passes through the point xyz upon the given surface, 
it will be represented by the equations, 

z z 

consequently, if r is at right angles to the plane which touches the 
second surface at the point x^ y^ z^ we shall have, 

Further, since x^ y^ z, are co-ordinates of P^, which is a point in the 
perpendicular upon «' tangent plane at xyz in the first surface, there will 
ensue these equations of relation. 



c^y 



(3) 



By the combination of (2) and (3) there is, 

X _ c^ c^x , y ___ Cj^ c^y . 
z " Vy a^* '7 ~ b}' ¥1* 

consequently, 

aa ^ ■=. hh ^ =■ cc ^, (4) 

These are the relations between the axes of the two ellipsoids, shewing 
that they are reciprocally proportional. 

(IE.) In the next place we have to ascertain the absolute values of 
the semi-axes a^ h^ c^ ; it is evident that these lines will be functions of 
a b Cy and of the co-ordinates xyz. 

From page 2, there is, 

- = ^(-); 
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And, fi! + |i! + !4 = Ij. 

a^ b* c,' 

coasequently, eliminating by (4), (I), 

J_ /^ + ^ + fil =1. 
a^ af 1 ^2 ^ ^3 ^ ^2 / ^4 • 

w2 = aa^ = ^3^ = cc^, (5) 

From the foregoing equations we obtain, 







«3 


3, 




W2 






«2 


a. 


^z. 




rrr 




^/ 


z= 








« 






3 






c 



It has been shewn, in page 2, that t^ = j!?r^ ; so that the connection 
between the axes of the co-related ellipsoids, is given also by the equations, 

a, = Ph., b, = P-L; c, =9; (7) 

a c 

expressions determining in magnitude the axes of the derived surface 
which passes through the point P^ , and has the plane in contact with 
that point at right angles to r, the vectorial radius of the primitive. 

Cor. 1. From the equation (5) of this section it appears that the 
line tt is a mean proportional to each symmetrically expressed pair of the 
six semi-axes ; while, fiom (6) it is evident that the greatest and least 
axes in the two surfaces interchange their directions ; the least axis of 
the derived surface coinciding in direction with the ffre&test axis of the 
primitive, and conversely. The mean axis retains the same direction in 
both. 

Cor. 2. From (7) the following proportions are obtained ; 
o 
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IPIPJ 



4 ^ 



(III.) Again, let an ellipsoid be drawn through the point Q, fig. ( 
in which the tangent-plane of the first ellipsoid, in contact with it at 
is met by a perpendicular from the centre. Let the tangent-plani 
contact with the new surface at Q cut OP, or r, at right angles ; t\ 
\i pn ^y p are the co-ordinates of the point Q, there will be obtained 
writing » = 2 in the general co-ordinates of equation (6), page 15, 






ly — 1% ^ 



_ p"" 



I- = 



a^z 



iV - 



c-y 
b-z 



Let fl p p ht the semi-axes of the ellipsoid, generated under 
hypothesis; then, as in the preceding case. 





z ,a V ' - 






• 


X _ jc^ c^x ^ y 

a IT > 

Z fl" WZ Z 




bh ' 


consequently, 









a pL 



^ bb ^ 



(IV.) Let it now be supposed that ellipsoids are consecutively de: 
in a series from one another, in the same manner as the surface d: 
through P^ was generated from the primitive ; according to this aire 
ment, the tangent-plane of the second derivative will meet p at : 
angles, that of the third r, and so on : so that r will be perpendicular 
the tangent planes, of the 1st, 3rd, 5th ... derived surfaces, while 
perpendicular not only to the tangent plane of the original ellipsoid, b 
those also of the 2nd, 4th, 6th ... derivatives. Each surface is, then 
considered as a primary with respect to that which is next to 
sequence ; or, rather, to all its subordinate surfaces. 

Let Om ^m ^m be the semi-axes of the m^^ derived surface, 

Xm ym ^m the co-ordinates of contact with its tangent -plan< 
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From what precedes, the following primary relations will subsist between 
the axes of consecutive surfaces. 

a a^ = h b^ = c c^. 



consequently, 

a am. = ^ ^m = C Cm . (1) 

For the co-ordinates of the several points of contact in the consecutive 
surfaces, taking into account only the positive sign, there will be, 

'. = (^)'.- - = (^y- " = (^)"- 

.. = (s^)V,. ,. = (!=i)V.-,. '. = (i=-i)V,. 

^«in-/ ^^m_i^ ^^m-i^ 

In these expressions it is necessary to be observed that the symbols 
^m !/m 2m and Mm are used in a sense differing from, although analogous 
to, that which has been assigned to them in the developments which have 
preceded. Hitherto they have been applied in reference to consecutive 
points on the same surface, but they now indicate the position of similar 
points on consecutive surfaces. There will then be the relation, 

4_ = ?J1 + |J!1 + LSI. (2) 
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Now, tt^ «j ... «m are the circle-ordinates in consecutive surfaces, 
corresponding in their character with u, in the original surface. We 
have then, as stated above, 



*in — I 1 *m-i' .ym — \-j ) I/m-i- ^m — (7 J 2-^ _ ^ . 



Consequently, the co-ordinates of the point of contact on the m^ 
surface are given by the expressions. 



^m 



t^m—i Cm— 9 ..• C 3 



In these expressions it should be noticed that m may assume all 
integral values, from unity ; and that w©, ffoi &c., indicate u and a, as in 
former cases. 

Each of the terms in the fractions included in arm ym ^m contains 
?n factors. 

For the reduction of these co-ordinates, we find, page 97, 

«2 tt2 w2 



flm = » ^m — -^ » '^m — 



<Jm- 



7 I "m — 9 
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and, by consequence, if the several connecting equations are combined, 



2 ,/2 



ur n 



fl'm— 1 am— 2 



^ dxSi OLxSi — 1 



\ flm— 1 fl'm— 2 ,,, a^a ] a' 



a 



'jm = -yy. ) (3) 

^Tm = — 2^. 
C 

the same form of expression being necessarily applicable to each of the 
axes. 

which is obviously true. 

(V.) In following out this investigation, the next consideration 
that presents itself is the necessity of ascertaining the value of the lines 
xm. ym zm , expressed in terms of the original co-ordinates ; but, before 
entering upon this inquiry, it may be worth while to notice that a 
singular relation obtains between the consecutive circle - ordinates 
w, «p «2, ... Urn, and the co-ordinates of the generating point, x y z \ 
combined with the axes of the given surface. From what has preceded, 
there will ensue the series of equations, 

I. = (±yi + (]Lyi. + (i-Vi-. 

«* \a ' a* ^ b f b* ^ c ^ c* 

L = (±)' L + {LS^ + (Lf J_. 
«* \ a ' o,* ^b^lb* ^ V c ' c* 

«*m ^ a' a*m ^b ' b*m \ C ' c*m 
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A, = a^b^C^ [(a24^-a20 ^^^16 ^^^13 512^^8 516^.^*^20^524) 

+ (a^^+a^^ 54 + flis 58^.^8 512^.^4 516^.520) ^.4 
+ {a^^ + fl^2 54 + a8 58 ^. ^4 512 ^ 5I6) fA 
+ (fl^3 + a8 ^* + a* ^8 + b^^) ci2 
+ (a8 +a4 54 ^ 58) ci« 

+ (a* + ^*) c«> 

+ C24}- 

B, = («28 + a24 54^^20 58^a^6 512^.^12 5l6.|_a8 520^^4 524^528)^ 

+ fa24 + fl20 34^.al6 ^8 ^^12 512.|_^8 b^^-\-a^ ^20^524) ^ 

+ (a^ -I- ai6 54 4. ai2 58 + a8 512 ^ ^4. 5I6 ^ 520) ^12 

4- (a^« + a^^ b^ 4- ^^ *» + «* i^^+^ie) ^le 

+ (a^2 + a8 54.|_^4 58 ^. 512) c20 

+ (^8 +^454 + 58)^24 

+ (a* + ^) c28. 
4- (a24+fl20 54+fll6 58 + al2 512 + 08516^.^ b^-^-b^) fl* ^4 

+ («20+fli6 54+al2i8+«8 512+a45^« -f *^a* ^ c* 

4. (ai6 + al2 34 ^. ^8 58 4. ^4 512 + 5i«) a4 ^4 ^8 

+ (al2+ fl8 54^ ^4 58^512) a4 54 el2 

-t- (a8 + a4 54 + 38) a4 54 cl6 

+ (fl* + ^*) a* ^4, eSO 
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But u is also a mean proportional to p and r^, page 2, (6) ; so that 
there is the geometrical relation, 

u^v = pr , 

or, u^ : r, :: p \ V, 

The generalising of this investigation will lead to the following series 
of values for the circle-ordinates in the consecutive ellipsoids, by which 
they are expressed in terms of the rectangular co-ordinates of the point 
assumed upon the original surface. 
I 



r/4 



Urn = 









Cob. The ratio of the circle-ordinates in the consecutive ellipsoids 
is constant, for we have, 

« __ w^ _ Wj _ __ Um __ V 

(VII.) In the determination of the axes of the several surfaces we 
find, 

/«\2m (uV^'o /«\2» 
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«/ 


= 


W2 


1 

a ' 


^, 


= 


W2 


1 
b ' 


^i 


= 


U^ 
^ 


1 
c 


^s 


= 


«4 


1 


K 


= 


U^ 

^ 


1 


Cs 


= 


r2 


1 


«5 


= 




1 
a 


hs 


= 




1 
b' 


^5 


=: 







In the expressions for the axes of the alternate surfaces, commencing 
with the given ellipsoid, any integral value may be assigned to m ; and, 
in those which belong to the alternate surfaces beginning from the first 
derivative, all integral values may be taken for m, from one to infinity. 

Let S(«o) and S(a^) respectively represent the sums of the semi- 
axes, in the two series of surfaces taken alternately, then, employing S 
to represent the sum of any number of these lines, 



r «3 11* 
SK) = «|i + J- + ^ + 


...}. 


>=w = -tI- ^-i *t - 


...}. 



The summation of these geometrical series to « terms will give tlie 
results, 

a («2n _ tj2ii) 



consequently, 



s K) = 
SW 



s («•) ' « 



(w2 _ t?2) r2n-2 
«2 (^2n _ y2n) 



= (t)" 
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Further, since — is necessarily a fraction less than unity,* except at 

the extremities of each of the axes, at which points it becomes equal to 
unity, the two series are convergent, and their summation may be taken 
for an infinite number of terms ; so that. 



2 

Now, since, — = fl^ , 



SK) = 






S (a,) = 


«(r«-«») 


^ ay 


** VtJ 


t?« — W2 - 


■■ a„ 


e)' = 


■^ ; consequently. 


s(»,) 

S(«.) 


ft: 
a 




S(«o) 


A; 

6 




2W 
2(c.) 


c 





the same forms being necessarily true for each series of axial lines. 

(YIII.) From the values assigned to the several systems of axes in 
(VII), combined with the equations (3), page 101, it results that : 



* Note. — Assuming that — is a proper fraction, we have, 

S(««*^ S(J) > 1; 

and, consequently, after reduction, 

a^{b^^c^ffz^ + i6(a*-c*)2a:2j2 + (fi (pl^-^b^f 9^ y^ > 0: 

which it is clear will be generally true, 
p 
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1st. If m is any even number, as 0, 2, 4, ... 
2nd. If m is any ««epe» number, as 1, 3, 5, ... 

'. = (vnT)'- ^■=(T)"*'{i)'- '-=(t)"''t)'" 

(IX.) Let the sum of the volumes of the two infinite series of ellip- 
soids, which have been here considered, each series having reference to 
altemate surfaces, be represented under the symbol S ; then 

S(V«) = y {«<^c -f a^h^c^ 4- ... |. 
2(V,) = y [^'/^/^/ + «3^3^3 +...]. 



After these series have been represented in terms of the values of the 
consecutive axes, as given in pages 103 and 104, there will be founds 

vn7N — \ IT ale fi , ^12 ) _ ^trahc r^s 

i(Vo) - — g— |1 + ^2 + -I - 



^^ '^ '6abc \ ^ x>^ ^ ] 



3 r^^ — ftl2* 
4^ «fi r^ 



3 fl^c v^ — tt^ ' 



Hence may be derived, involving the value of ir, the singular expres- 
sion, 

v^ ^ ^ ' 4 i:i(V„) 

_ _3_ V^ 2> (V,) f I _ i_ «i , _3^ «i- _ _5_ «i« 1 
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When Vo is replacied by its proper value, the symbol w will disappear, 
leaving, as a relation between the two infinite series, 

S^ (V,) __ f^ (m6 -f t?g)i 

(X.) In (I), page 95, figure 2, the first derivative has been assumed 
to pass through the point P^, subject to the condition that its tangent 
plane at that point is intersected at right angles by the first vectorial 
radius. Let it be supposed that this method of derivation is generalised, 
so that ellipsoids are drawn to pass through each of the consecutive 
points Py Pa •.. Pm under the hypothesis that the tangent plane of the 
surface passing through Pm is pierced at right angles by the radius rni_i. 

The semiaxes of the first derived surface being a^ b^ c^, it has been 
already shewn, in page 97, that, 

a, = —; 6, = _; c, = — ; 

a c 

and, by adapting the investigation to the second surface, it will be found 
that, 

— "/^ . A — ^/^ — ^i^ 

«2 — > ^2 "T" 3 ^2 » 

a c 



Similarly, 



M 2 j< 2 ^/ 2 



a c 

(XI.) In the general case we have, for the equation of the m^ 
derived surface, 

^2 «y2 ^2 



But, from page 8 (corrected), 



&c. 
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Hence we msj find. 




a(hn 


= b bjai = C Cm ; 


and, consequently, 




- = "r-- 


b c 



There is, then, the following series of relations, 
aOf = bb^ = ccj. 



aa^ = bb^ s ec^ 



aOia. = ^^m = CCm, 



,(Xn.) The equations of the preceding section imply the conditions, 
fl, *i c« 



dm ^m ^m 

The surfaces, therefore, which are generated under this hypothesis, are 
all similar to each other. 

Further, we have, 

0, a Cj a c^ b 

shewing that the axes of the first derifatiye, and, consequently, of all 
those which follow, are reciprocally proportional to the axes of the' 
primary. 



BELATED ELLIPSOIDS. 109 

(XIII.) From the preceding considerations it may be shewn that, 



r2 



^ Vfl4m+3/ 



fl"!!! 



' \a*m-i/ 



1 _ M Vfl*"'+2/ 



6«, 



««. 



m 



' Va4m-2/ 









By these expressions the values of the axes, in each of the con- 
secutive surfaces, are fully determined, as functions of the initial point of 
contact assumed upon the primary ellipsoid. 

(XIV.) Reverting to the expressions in page 107, we observe the 
relations, 

aa^ z=. 11^ -==, pr^, 
aa^ = «y^ = Pt^^* 



Consequently* 



a, \ r^ :: p \ a. 

a^ \ r^ :: p, \ a. 

••• ••• ••• ••• 

flfm • ^m :• Pm-.\ • «• 



Since aom = ^*m = ccm the proportions which have here been given 
will apply equally to any of the three axes. 
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I (XV.) The proportions whicli have been educed in (XIV) exhibit in a 

peculiar lij^ht the character of the liues of which we have been considering 
some of the properties. It could hardly have been anticipated, and must 
^ appear in some degree remarkable, that these lines should be thus inti- 

mately allied to a series of consecutive ellipsoids ; in fact, not less closely, 
, perhaps, than they are connected with the surface to which they seem 

i ' originally to belong. If it is further considered that each jjoint of inter- 

I section on the primary is common to it with the corresponding derivative, 

while on every new derivative this may be assumed as a starting point for 
' similar combinations in relation to that ellipsoid, there is a probability 

that an examination of the surfaces under this aspect would bring out not 
a few singular results. We have not, however, space at present to enter 
,^ upon such an inquiry. 

(XVI.) The relations which have been examined in this chapter, par- 
' ^ tial, as applying only to the ellipsoid, should now be considered with 

, ^ reference to the general surface, symbolised by the equation. 



M 



1»» 



2 (J) = 1- (I) 

Let a surface of the same order be supposed to pass through the point 
P^, fig. 2, in such a manner that its tangent plane drawn to that point 
may meet the first vectorial radius P at right angles. This derived 
surface may be represented by, 

the point x^ y, z, , as well as, of course, a certain line of double curvature, 
being common to it with the primary. 

The equations of the tangent planes are, respectively. 





+ 


"in ^ 


•f 




= 


1 




-h 


yll-l 


•f 


'■-' c 


^^ 


1 
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From the given hypothesis we liavp, therefore, 



X 


= 


c," xj"-^ 


I- 

z 


=: 


cfvr^ 


z 




b-zr^ 


1l 


= 






= 





After these conditions have been combined, there will be found the 
relations, 

(3) 
6, b^-^z^-^ . 

Cor. If the general surface is reduced to the ellipsoid, » = 2, and, 
as ill page 108, these equations take the form, 

na^ = bb^ = cc^; 

it does not, however, appear that this simple relation is true with respect 
to any surface of different order, which can be symbolised by the form (1). 

(XVII.) It is requisite, in the next place, to ascertain the absolute 
values of the new axes. 

From page 15, 

By introducing these equivalents in (2), together with the expressiocs for 
the semi-axes a, b^ obtained from (3), we shall find, after the reductions 
requisite. 






112 RELATED SUEFACE8. 

Hence, 



consequently, 

h, = 






' fln-1 

If the foregoing examination is extended to the second derived surface, 
it will be found that, 

hut this is not necessary, since it is evident, from the nature of the case, 
that we may at once adopt the generalisation, 

«m = 4-n ^• 






_ ^^i-l g^"^ni^i 



^ni - ^=r 



(XVII I.) By writing w — 1 for w in the expressions deduced in 
pag' 20, the symbol v being corrected as in the errata, it will be found 
that, 



ni-l m-1 



m— 1 
2 2 (n-l)~l ^_, 

;. am = ^m-l (^~^ I_ a:(n-l) (n-2). 

an(n— 1) — 1 

with similar expressions for b^ c^ given by the appropriate substitutions. 
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These values of the axes in the m^^ surface may be expressed more 
symmetrically under the following form. 

m— 1 m— 1 

m — 1 m — 1 

In these formulae we have to notice, from page 20 (corrected), that, 
m— 1 

(n-])-l 

(X[X.) Some singular relations involving the circle-ordinates w, w^ ..^ 
may be here appropriately noticed. 

Since Ora = «Vi ^''"^"^-^ 



^hn J2 -.2 ^ m-i 

— ^ m- 1 -— « m_ I r-* 

a a" 

It is evident that similar relations are true for the remaining semi-axes 

^m Cm. 

But, arm— 1 ym— 1 ^m— 1 is a point upon the primary surface ; 
. s(^^J^) = 1. 

From this it will follow that, 

,.2 — ^^ a^„ 4- ^™ ,y2 I ^m g 

W m-i — — * ni_i 1- —7- y m_i T^ — * m_i« 

..2 — ^m-i 2 I ^m-i o , ^m-i 2 

« m-a — * m-a i^ ""7 — V m— a T^ * m-a* 

a c 
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«» = 



ar« + 4^ y« + A ^. 



Agiiin, from page 16, (III), 

*m = jj ; with similar expressions for ym ^m. 

;. afm-l a?m = tt*m-l ^-^ : &C. 

Consequently, 

J?m— 1 «m + ym— 1 ym + ^m— 1 fm = «'m— 1 S ^ ^,^ V 

Hence we have, 

M*m— 1 = iPm— 1 Xm + ym— 1 ym + Zm—\ Zm. 

•|8|n— 2 = a?m— 3 arm— 1 + ym— 3 ym— 1 + ^m— 1 ^m. 

In veritication of these expressions for the circle-ordinates, since 
oryj and T^j^^g^ are points taken upon the lines r r,, which inter- 
sect at O ; let I be the inclination of these lines, then, 

rr, COS. • = XX, + yy, + r .-, = m^ = p r,. 



COS. I = -£-, 
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(XX.) In order to complete this part of the subject, the investigation 
commencing at (IV), page 98, as applied to the ellipsoid, should now be 
extended so as to include the general surface of the n^ degree. In the 
figure (3) PP^ 5 ^1^9 5 ••• arc portions of surfaces drawn after the same 
law as the ellipsoids in the section to which reference has been made ; 
i.e. the primary surface P P^ has Q, or /?, for the perpendicular upon its 
plane of contact at any given point P : again, Q^ or r, is perpendicular 
to the plane which touches the first derivative P^P, at the point P^. 
Begarding the consecutive derivation of these surfaces from each other, 
according to this hypothesis, as unlimited, we have to ascertain their 
mutual relations. This will involve the determination of their axes, and 
of the co-ordinates to those points in which the consecutive surfaces are 
pierced by the lines p and r. 

Now, the point P, in the surface P^ P, is derived from P^ in precisely 
the same way in which P^ is derived from P in the given surfaces P P^ ; 
and the same law of derivation applies to each of the following surfaces. 
Thus, if «^ «j «s ... are lines in the consecutive surfaces of a character 
analogous to that of u in the primary, the co-ordinates of each successive 
point of intersection being expressed according to this principle, there will 
ensue the relations, 









n-1 



«« = 



M n-1 



«Vi 



ix^-K 
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By the reduction of these fundamental expressions there will be, in the 
general case, 

2 m— 1 

3 2(n-l) 2(n-l) 2(n-l) "^ 

n n(n — 1) n(n — 1) n(n— 1) 

flm—l ^m — 2 Am — 3 ••• Cl ^ 

The co-ordinates ym Zm are included under the same form by the inter- 
change of a and x with b and y, or c and ;?. 

(XXI.) The consideration which is now presented to us consists in 
the determination of the absolute values of Xm ym Zm» and of the axes 
flm ^m Cm which belong to the consecutive surfaces. 

In page 111, it has been already shewn that, in the first derivative 
P.P.. 



a, a^'^-z' 



n-l -n-2 






c^ c^'V^-^ _ 1 

b, b^-^z^-^ 

Again, the second derivative Pj Pg is related to the first, P^ P,, in the 
same connection which this latter surface bears to the primary. We have 
then, representing the tangent plane of the second derived surface at P,, 

^2_f + ... = 1. 



The equations of the perpendicular Q will be. 



Z, Z, 



consequently, 



z, a% ^a»»-\' z, b^^ z^^-^ 
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This relation would necessarily arise from the law of mutual interdepend- 
ence which has been assumed to unite the consecutive surfaces ; and, by 
generalizing the application of this law, there will be found the following 
series of equalities. 

On the line O Q, 

a?^ _ c^ a;P~^ y^ _ c°y°"^ 

z, a^^z^^-^' z, b,^z^^-^' 



^/ "4 ^4 ^/ ''4 ^4 



Again, on the line OP, 

X 



X 

z 



X 

z 






The tangent planes of the alternate surfaces are, evidently, all parallel. 

(XXII.) We have, in the next place, to consider the relations existing 
between the consecutive points of intersection. 

Since the line O P passes through each of the points (xyz), (x^ y^ z^\ 
(^4 Va ^a)> ' ' ' tl^cre will be the equations, 



X 


= 


?i_ 


^:^ 


ti. 


— 


z 




^a 




^4 




L 


___ 


y± 


^_ 


li. 


«_ 


z 




^2 




«4 
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Again, since the line O Q passes through the points (x^ y^ z^, (x^ y^ g^), 
(Xg y^ z^) ... it is plain that, 



"» — 



z, z^ jr. 



(XXIII.) From the expressions given in (XXI) we have, 

z^ ^aj V, ' ^aj ^ z ' 

consequently, 

(if (t)""" = £;)■ (t)-- 



similarly, 7^ = -r« 

63 

Again, we have, 
and, by a similar reduction, there will be found. 
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When the relations which have been established are regarded in their 
application to the series of surfaces generated according to the law which 
has been assumed, the following conditions, as might have been anticipated, 
will be found to co-exist ; viz. : 
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— 


£1. 


-_ 


£4. 


_- 


a 




«9 




«4 




c 




^2 




£4. 




b 




K 




K 




h 





h. 


.^^ 


h. 
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a 




«« 




"4 




2j_ 


^ 


£3. 




£». 


^ 


«y 




«3 




«5 




^1 


= 


<?3 


= 




= 


A 


__ 


k 


_ 


*i 


__ 


«i 




«3 




«« 





It appears, therefore, that all the derived surfaces in which O Q, or p^ 
meets at right angles the tangent planes, are similar to each other, and to 
the primary ; while those in which O P, or r, is perpendicular to the tan- 
gent planes are similar also to each other, and to the first derivative. The 
second set of surfaces are not, however, similar to the primitive, since. 



a, ^ c ^ \ X ^ 



except only in the case of the ellipsoid, as was previously noticed in 
page 111. 

(XXIV.) In the preceding section, the ratios of the axes have been 
established ; and it has been shewn that they are constant in alternating 
surfaces. It remains to ascertain the absolute values of these lines, as 
well as of the co-ordinates to the points in which the consecutive surfaces 
are intersected by the lines r or p ; the second investigation will be found 
to be implicitly involved in the former. 



120 HELATEI) SURFACES. 

From page 116, (I), we have. 



But, fl = 



au-l 



and, after the introduction of these equivalents, there will be found. 
Now, since, 2 (^-^y = 1. 
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consequently, 

^9 - 


&)■'• 


b, = 


i^f'- 


«, = 


(^Y- 


After a similar investigation, it will appear that, 


. .. = Qi)\. 


.. = c^)\. 


'• = i^)'^^ 


K = C-0\ 


" = (ij)'- 


'. = (^)%- 



The same principles being applicable to each of the consecutive surfaces, 
the following results may be tabulated. 



ff, = = 0; = — 7~ C. = = . 
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.. = (i)V .. = (i)V .. = (5.)'. 



2 



(XXV,) For the calcalation of the quantities uu^u^ ... the formula 
may be employed which is given in (9), page 25 (corrected) ; viz. : 



Un?^ = 




This expression will be adapted to the consecutive surfaces which have 
been last considered, by writing 0, in the place of m ; at the same time 
accenting the letters : so that, 

..9„ _ 1 






TT^ 






The co-ordinates sr^y^z^ ... as well as the semi-axes d/^sC^ ... are to 
be determined by means of tlie expressions given in (XXIV). 
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(XXVI.) la the two series of surfaces which have resulted from the 
preceding examination, the axes are proportional. For it may be seen 
that, 

^9 • ^9 '• c^ ',: a i b I e, 

a^ \ b^ \ c^ :: a^ i b^ i c^ :: a \ b \ c. 



«3 '- ^9 ' Cj^ \: a, : b^ : c, 

similarly, the co-ordinates to consecutive poiuts of intersection in the two 
sets of surfaces are proportional, since it will appear that, 

a?a : ya • ^f :: X : y : z, 

^A • y^ ' ^4 •• *9 • ya : ^2 •' X : y \ z. 

«5 : ys : ^5 :: «a • ^8 : ^a - «/ • y/ ^ ^i- 

(XXVn.) Since, from page 121, 

a;. = ; and a. = . — : 



FT"' 



a? a»' 



a. = ^ a : and, a?, = ^ x\ 
X a 
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Again, by reference to the expressions whicli have been given in pages 
121 and 122, for the successive axes and co-ordinates, there will be found. 



Consequently, the following series of relations will obtain, 

X, =z ^X; y^ = Ay; ^^ ^ £± ^ . 



dm bm Cm 

a c 



a« „ .. _ ^« „ _ __ c, 



"~ "^ *' ' ys — IT if I* "5 — — - 

a, 0, c, 



^A b^ Ca 

a^ 0^ c^ 



which may be immediately reduced to the form, 

a, h, c, 



dm bm Cm 

= -fa?; ^2 = -fy; ^« = ^ 

a c 



^3 = -f «; ys = -f-y; 



;? = -2- 

a ' —' 6 ' • c 



dm. ^m ^m 

a 6 c 
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(XXVIII.) By coijabining the expressions deduced in the preceding 
page the following remarkable singularity may be demonstrated. 

Since, x, x^ = a, a^ (^) ; 



(X X !"*■ 



a, a« ' a 



n 

= 1. 



In the same way, it will appear that, 

V a, a, a, / V«i »a ^s «4 / 

and, generally. 






-^"i^ = 1. 



This relation may be otherwise shown in the following manner, 
.nd. fi)" = (=); = (i i ... i)i = (iJl ... J=)l 

\a^ a, ... am / ^o^ O, ... 6m / ^C^ Cj ... Cm ' 

(XXIX.) As a certain degree of intricacy attaches to many of the pre- 
vious investigations, it may be desirable to give, in conclusion, some 
verifications of the results which have been deduced for the general 
surface, by reference to the particular case of the ellipsoid; since the 
corresponding expressions applying to that surface have been obtained 
independently. 
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In order to ascertain the ratio -^, we find from (3), page 17, the 

u 

fundamental equation, 

1 _ 2 / *»°<°-^> ^ 

consequently. ^ = 2 {^^^H)}' 7^ = = {^lom)} ' 
But it has been showD, in page 111, (XYII), that, 

and from these relations it will be found that, 

f arn(n-l) -l _ 1 f aP(n-3) ) 

Now, when the general surface is reduced to the ellipsoid, by the 
assumption » = 2, this expression takes the form. 



(^y = S(a«^. 



But, in page 102, it has been assumed that, 

consequently, f^ = -^. 

u V 

In the general surface of the ffi^ degree it has been shewn, in page 120, 
that. 



'. = &'- '. = te)"- 
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In the ellipsoid, therefore, these formulse will be reduced to the expressions. 



\8 

a. 



These relations will be verified by referring to the results recorded in 
(VII), page 103 ; and in (VIII), page 106. 

Again, if we wish to yerify the expressions which have been given for 
a?8 ... , there will be found, after the requisite reductions, 

Consequently, if » = 2, 



u V 



But, from page 126, 

consequently, x^ = (— j a? : 



and. «. = (±fL.. 

a result which agrees perfectly with that which was demonstrated in the 
case of the ellipsoid, in page 104. These verifications, by reference to 
particular instances which may be multiplied to any extent, appear to 
suffice in confirmation of the formulae which belong to the general surface 
of the n*^ degree. 
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(XXX.) It will now be shewn that the formula for ihx^, as given in 
page 122, or 25 (corrected), identifies itself with the fundamental ex- 
pression (3), in page 17. 

Let w = 0, then 1,^-^1 — ) = 1 ; and, after inverting the terms 
of the formula in page 122, we shall obtain, 

1 __ „ j a:n(n— 1) 



= S 



w2n \ fljn(] 

which agrees with (3) as given at page 17. 



+1)/' 



Again, if m = 1, the index of a in the denominator of the general 

form in page 122, wiU be <»—'^f—^ _ „2 ^. j . 

w— -2 

consequently, the expression reduces itself to, 

lan(iifl)/ 1 1 



tt2n -. 



1 ^ y Ln(n-l) l 

W^2n«2n(n-1) I 2 j 



«^2n 



an(n + l) 

But the formula at page 17 becomes, when m = 1, 

- -^ Un(ntl) 3 ' 

w^ ajn — 1 
in which, a?/ = 

The substitution for x, of its equivalent value, will yield an expression 
identical with that which has just been deduced from the form given in 

(XXV). 
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(XXXI.) In employing the general formula of (XXV), page 122, m 
may be assumed to have any positive integral values, as in the last section, 
under the restriction that the lines are confined to a single surface, — e. g., 
the primary; or, otherwise, that they belong to consecutive surfaces 
passing through points determined upon the primary by the law of tan- 
gential intersection described in (III), page 16. 

When, however, this formula is applied to consecutive surfaces which 
are generated according to the hypothesis in C^)> P&ge 115, we have to 
write m = in the indices, at the same time replacing xy z by or^ y^ z^ 
..., a?m ym ^m. Then, for the m^ surface, 




= S»i~i 










1 « ^/ gy^nCa^l) \ 



Now, in the formula (3), page 1 7, the value of Wm has been deduced 
for consecutive lines in the same surface ; and, in order that it may be 
applicable to lines in the consecutive derivatives which are now under con- 
sideration, Om is to be substituted for a : the expression is then, consis- 
tently, coincident with (1). 

Cob. It is evident that the results obtained from the value of »m in 
page 122, ought to be identical with those which issue from the general 
form (3), in page- 23. In illustration of this, let »i = 2 in that formula; 

the result will be, 
s 
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2 




(;?, r,)» (p r,)'»("-i) * 



1 

U^ M3n(ii-1) 

"an(n+l) 



2 J a?n(n--l) I. 



which agrees with the expression obtained in page 128 by writing m = 1, 



(XXXn.) If any three consecutive surfaces are considered in the 
series generated according to the hypothesis in (XX), page 115 ; and if 
^m-i %i ^ 4. 1 are the circle-ordinates connected with the three surti&oea 
respectively ; these lines are always subject to the relation. 



From (1), (XXXI), 

aJi(n— 1) ■ 

, mH 
^ ' mtl 



But, from page 121, 

i*to+l = I I a?ni— ] : flm+1 = I I Om 1 : 

\Wm— 1/ \«m— 1/ 



consequently. 



. m+1 m — 1 m — 1 



m+1 m m — 1 
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Hence, we obtain, 



^<n~l) 




m— 1 
> = 



m 
,\ u-m = «m—l «m + l. 

From this proposition, then, we obtain the singular property, that the 
circle-ordinate in any of these derived surfaces is a mean proportional to 
those which belong to the two surfaces immediately preceding and following 
in the series ; so that, when consecutive values are assigned to m, 



r/2. = 



= U, «, 



U\ = 



Cor. 1. — When the surfaces are ellipsoids, we find, by employing the 
formulae of O^II) (VIII), pages 103 — 106, the curious series of relations 
following : 



w2 = fl^ V, 



=: W3 rfi. 



The eliihination of v from these equations will reproduce the expressions 
which have been determined, connecting the successive values of Wm, 
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Cob. 2. — Since Xm = —x, page 124, the yalue of ^m may be ex- 
a 

pressed in terms of the axes of its proper surface. Thus, we find. 

Cob. 8. — Hence, in the general surface, 

This includes the relation in page 102, which has been establiahed in- 
dependently in reference to the ellipsoid. 



CHAPTER TI, 



(I.) As a question coimecied with the main subject of this volume, 
it is now proposed to determine the area of a section of the ellipsoid, 
formed by a plane cutting the surface in any manner whatever. 

In the particular case when the plane is drawn through the centre, the 
expression for a sectional area is well known, and will be found in most 
works which treat of Solid Geometry ; but the author is not aware that 
any solution has hitherto been given to this problem in its general sense. 

Since a determination of the area will lead readOy to that of the 
volume of any segment or frustum, this investigation, independently of 
such elegance as may attach to the expression deduced, appears to be not 
altogether devoid of a practical interest : while the value of the results 
seems to be still further enhanced, in regarding the facility with which, as 
will be seen, they may be made to bear upon the solution of many ques- 
tions relating to the Attraction of the Solid. 

Let A be the area of any section, which can be shewn to be, generally, 
elliptic. 

p a perpendicular drawn from the centre to the secant plane. 

'P^ a perpendicular upon the tangent plane which is parallel to, and 
least remote from, the secant plane. 

The expression representing the area of a section will then be found 
to be, 

in which a 5 c are the semiaxes of the surface. 
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(n.) Let the equation of a plane cutting the ellipsoid in any manner 
be, 

By eliminating z, between this equation and that of the sorfoce, viz., 
2(^) = 1, we obtain the equation of a vertical elliptic cylinder 

which includes the section ; or, which amounts to the same thing, an equa- 
tion to the orthogiaphical projection representing the sectional corye upon 
the plane of xy. 

There is, then, 

from which will be obtained, as the equation of the elliptic projection, 

(»2 ^2 -f. c2) a^ f H- (w2 a^ + (^ b^ x^ -h 2»» « a* ^ xy 
-h 2w2 a^h'^ex + U a^ h^ e y + a^ h^ (e^— c^) = 0. (1) 

(III.) Let h and ^ be co-ordinates to the centre of this projection 
(1) ; x^ y^ those of the curve measured from its centre : so that, 

X = X, -^ h. y =: y^ + k. 

By introducing the new co-ordinates in (1), the constant term being 
denoted by <t> (h k\ there will be found, 

(w2 52 j^ c2) fl2 y2 _,. (^2 ^2 ^ ^2) ^2 ^2 ^_ 2w W tt^ ^2 ^^ y^ 

+ <A(/^^) = 0; (2) 

the equations of condition being given, in the usual manner, by assuming 
the co-efficients of x^ and y^ respectively = : then, 

(w2 52 ^ c2) a^k + mna^ b^ h + w a^ b'^ e = 0. (3) 

(^2 a2 ^_ c2) ^2 7^ ^ mnd^b'^k + m a^ b^ e = 0. (4) 
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From (3) (4) the co-ordinates of the centre are ascertained in the terms 
following ; 

, m a^ e 



/fc = - 



nb^e 



m^ a^ -f- n^ b^ -f c^ 
There is, further, the constant term, 
4i{hk) = («2 ^2 + c2) a2 Ar2 + (m2 a^ + c^ b^ Jfi + %mna^b^hk 
+ %ma^l^eh + 2na^b^ek ^ a^ b'^ (e^-t^) ; 
and from this will result, after the requisite reductions, 

(lY.) In order to ascertain the position and dimensions of the 
principal axes in this projection, let x^ y^ be the rectangular co-ordinates 
of the curve referred to those lines; Q the angle at which the axis 
major is inclined to the present axis of a; or ar^ : we have then, by the 
ordinary method of transformation, 



x^ = a?, cos ^ — ya sin B. 
y^ = a?j sin ^4-^2 cos B. 



} 



By the introduction of these expressions, equation (2) will be changed 
into, 

\{rtH^ + c2)a2 sin 2^ + (mH^ + <?)b^ cos^^ + mnaH^ 8in2d}a?2, + 

{(»2d2 ^ c2)a2cos2d + (wiV + (?')b^ siu ^^ - mnan^ sin2d}y% + 

{ («2d3 ^_ e2) a3 sin %Q -. (^^jg^a -|- c^) i^ gin 2e+2mn a%^ cos 2^} a?, y, 

+ <^(A^) = 0. (7) 
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When the co-efficient of x^ y^ is equated to zero, there will be, 

^ - (m8a8+c8)5»-(ii«5» + c^a«* ^^^ 

From (8) the principal axes become known injTOM^toM; and the equa- 
tion of the projected curve, referred to these axes, may be written, 

A,y% + B,a^, = /: (9) 

inwhich, / =_<A(^*) = ^'^4- ^»,»/,.^^> 

(V.) Por determining the dimensions of the principal axes, we ha?e 
from (7), 

U:n?c? + c2) 53 — (»2 53 + c3) o2 j COS 2d — 2w » a» h^ sin 2*. 

But, from (8), it will appear that, 

|(;^ o2 + c2) 52 - (»2 h"^ -V c^) a2 } cos 2^ + 2»i » a2 52 sin 2 fl 

= 2»t » a^ 5^ cosec 2 B ; 
consequently, 

A, = -l-|(»i3a2H-c2)^2^(»2i2 4.c2)a«-2»t«a2i2co8ec2el. 
Similarly, 

B, = i-|(»i8 a2^c2) 52 + (»'i^ + c2)fla 4- 2«i» 03^2 cosec 2d I. 
If a^ l^ are the semi-axes of the projection, it will be represented by, 

fh + :-f; = 1^ (10) 
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and, by comparing this equation with (2), we shall have, finally, 

Um^ a^ + c^)b^ H- (n^ b^ + c^) o2 + 2mna^ b^ cosec 2$ U* 

i, = (111 

i(m^ a^ + c2) ^2 j^ (»2 ^2 4- c2) a^ — 2mn a^ b^ cosec 2 I*- 

(VI.) Now, if A' is the area of the projected ellipse, 
A' = TT a^ b^ : 
in which expression, 

-.^,= . ^-^ --, ri 

J /(w2a2+c2) 52+ (^2^2 + c2)a2 j -47»2«3a*5*cosec2 2^1*. 

Let D be written for the denominator of this fraction; then, after 
eliminating by means of the equation (8), we shall obtain, 

D = 2abc(m^ a^ + n^ b^ -^^ c2)*. 

When the value of/ has been introduced from page 136, the area of 
projection will be ascertained under the following expression, 

A' = ^«^g /i _ ?! ^ (11) 

a»2 ^2 j^ n^yi j^ c2)i\ ^^ o^ H- «2 ^2 + cV* 

(VII.) In order to simplify the equation (11), let x^ y^ z^ be co- 
ordinates of that point in which the ellipsoid is in contact with a tangent 
plane drawn parallel to the secant, the equations of the two planes will be. 



tJiL A- yjj A- —L = 1 

a^ b""^ c3 



z = m X -h ny -\- e \ 
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and by combining these expressions, under the condition of paralldiBm, 
there will ensue, for contact, 

's = ± 
I/s = + 



— (m^ a^ -f «2 b'i H- c2)i 



(;/i2 a3 4. »3 ^2 ^. c2)r 

-. _- X ^ 

^ (w2 a2 + »2 52 4. c2)f 

Now, since, -^ = 2; ( ^) » the foregoing values will give, 

JL = / ^2 + ^2 + 1 Y 

^^ ^2 fl2 4. „2 52 + c2; ^^^^ 

Again, if i is the inclination of the secant, or tangent plane, to that 

of xi/, 

sec i = 0»3 + n^ + 1)* : 
consequently, je?^ sec i = (w^ ^2 4. ^^2 ^2 ^ ^2)^. 
We have, also, jo = ^ cos i ; 



and. 



Hence. /. A' = '1^ (pji - j^) JL. (13) 

(Vin.) Since A' is the orthographical projection of the given elliptic 
section A, there is, 

A = A'seci = A' — 
P 

A Tvabc , o o\ 



»»2 o2 + «2 J3 + c2)i 


P 


e3 


_ /''^ 


»j2 a2 + «2 «2 + c2 


i*/-" 




_^2)^. 
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Cor. 1. — If^ = 0, the secant plane will pass through the centre ; 
let this section be called A^ : the general expression then takes the well- 
known form, 

. irabc 

- —' 

Cor. 2. — Consequpiitly, 



* = ^0-$)- 



(VIII.) The relation deduced in Cor. 2 of the preceding section 
suggests an elegant geometrical interpretation of the formula (14), which 
expresses generally a sectional area of the ellipsoid. 

In figure 4, let O P, a vectorial radius to the point of contact P, 
cut the secant plane in k. 

Suppose On to be drawn from the centre of the surface, perpen- 
dicular to the tangent-plane at P ; and cutting the sectional plane in the 
point m. 

Let O « be produced to meet in the point n, the parallel tangent plane, 
on the opposite side of the surface ; aud, upon n n^ as diameter suppose a 
circle to be described, in the plane O P », which contains the vectorial 
radius O P together with the tangent-perpendicular O n , 

Produce k m, in the plane P w, to meet this circle in Q. 

Join O Q , and assume the angle Q O ;^ = 0. 

From this construction we obtain, p -=. p^ cos B ; 

,. 1-^ = 1 -i^y = 1 - coaM. 
.-. A = A, siii2 = A, cos (|L - e) X cos [^ - o). 
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Now, let A, be the orthographic projection of A^ , the central section, 
upon a plane which contains the line O Q, at the same time thai it cuts 
at right angles the primary plane Q P. 

The inclination of A^ to this new plane is the angle Q O L , = 



/. 


A, = A, cos (-|1 


-')■■ 


consequently. 


A = A, cos(^ 


-')■ 



Finally, let A3 be the area of A,, when re-projected upon the original 
central plane section A^ ; i.e., the plane L L^ in the figure 4 : then. 



A = 



A, cos (-^ - = 



(IX.) The considerations adduced in the preceding article lead to the 
singular property of the ellipsoid which is included in the following pro- 
position. 

Theorem. — The area of any section formed by a plane cutting the 
ellipsoid is equal to the second projection of the parallel central section. 
The projection being made, orthographically ; — 1st, upon a plane deter- 
mined in position from that of the original section : 2nd, by the re- 
projection of the first projected area upon the plane of the primary central 
section. 

(X.) From the formula which has been given in (14), for the area of 
a section of the ellipsoid, may be derived a general expression for the 
VOLUME of any portion of the surface, limited by parallel planes. 

If V represents the volume contained in any segment of an ellipsoid, 
of which the base is A, there will be ultimately the difiPerential equation, 

dY = Adp. 
Pi 
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The integration of this expression will give the volume of any portion 
of the solid which is bounded by parallel planes ; viz. : 

V + C = "^(ip^P - ^). (1) 

Cob. 1. — When this integral has been corrected between the limits 
— p, and + p, , there will be found, for the volume of the whole solid, 
the usual expression, 

XT 4 irabc 



Cob. 2. — In the formula (1), V may be regarded as a function of ^, 
from the relation in (VIII) p = jp^ cos ^ ; then, 

V + C = !I^ (3 cos e - cos3 6) : 

the limits of $ being ir and 0, for the whole solid. 

Cob. 3.— To determine the volume of any segment or frustum of the 
ellipsoid. 

Let jE?a be the distance of any plane section from the centre. The 
formula (1) will then give, 

irabc 



^ = iff (3i',v,-A) 



••• V = "^ [zpr-i^+pp,+^,)]ip - p,) 



(2) 



expressing the volume of any frustum, of which the limiting planes are at 
distances jp, and p from the centre. 

If, in (2), j» = i^y, we find for the segment^ 

y = ^(Ps -p.fi^p. + p.)' (3) 

^pr 

j»j being the perpendicular drawn to the base of the segment. 
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Cob. 4. — In (1) or (3) suppose p or /?, to be perpendicular to the 
tanffent plane of a similar concentric ellipsoid ; then ^ or -^ is constant. 

Hence is evident the well-known property that the volume is constant 
intercepted by a plane toucliing the ellipsoid, and cutting an external 
similar surface. 

(XI.) In this section we adduce examples in illustration of the 
formulae which have been demonstrated, in reference to the volume of an 
ellipsoid. 

Problem 1. — It is required to trisect the ellipsoid. 

If J) and Pf are perpendiculars drawn from the centre upon parallel 
planes which limit the lateral dimensions of any frustum of the solid, p^ 
being a perpendicular upon the tangent plane which is parallel to the 
former ; we have, from (X), (2) ; 



V, = ^ {Sp?- (/ + pp, + p\)]ip-p,). 



(1) 



In the case under consideration the terminal segments are equal, and 
each equal to the frustum, which will be symmetrically related to the 
centre. In order to express the last condition analytically, we have to 
write p^ = — jp ; then, 

' "^ "37»" ^^' —P^)P' 

From (X), (3), the volume of a segment, in relation to which /?, is 
a perpendicular drawn from the centre to the limiting plane, is. 



Trabc 



V, = %^ ip, - P,)H^ P, +p,): 



and this will be contiguous to the former section if we make p^ =z p 
then, 

V, = l^ {p, - pf iip. + p) 
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Equating V^ and V, we find, 

3i?8 - 9jp,V + 3i?y^ = 0. (2) 

The solution of this cubic will give the value of p required. 

Since p ^ p, cos ^, let cos ^ = » ; 

.-. 3t?» - 91? + 2 = 0. 

On applying Sturm's Theorem we find that there are, analytically, 
three real roots, two of which are excluded, as being beyond the possible 
limits of cos ; and, by employing the trigonometrical method of solution, 
there will be obtained, as the only admissible value, 

V = 0.2261 = cos 0, 

:. p = 0.2261 p^ . 

This determines the bounding planes of the two segments, the thickness 
of the frustum being, consequently, 

2i? = 0.4522 i?,. 

CoR. 1 . — It is to be remarked as singular that the value of p is 
always the same fraction of Pf , in whatever position the parallel trisecting 
planes are taken ; in this respect, therefore, the property of the sphere is 
retained in the general surface. 

Cor. 2. — If the ellipsoid is reduced to a sphere, p, is constant for all 
positions, and = a the radius. Let x be an abscissa measured from the 

centre ; then, from the usual formula V = tt I y^ dx^ there is, 



V, = 



3 



- ^(^'^ - T-)- 



= 4- (a - xf (%a 4- X), 
3 



27r ^ " "^ 



{'" - i)- 
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After equating the foregoing expressions, we shall find, 

3ar8 - ^o?x + 2a8 = ; 

an equation whicli coincides with (2), (XI), obtained from th^ ellipsoid, 
and affords a complete verification of the formulae which have been esta- 
blished. 

Problem 2. — It is required to quadrUect an ellipsoid, the plane of 
contact between the two frusta being drawn in any direction through the 
centre. 

Let V^ Vj be the volumes of the two central blocks, V, V^ those of 
the segments ; then, for determining the former, by writing /?, = in 
(X), (2), Cor. 3, we have, 

and, for the segments, 
consequently, for the quadrisection, 

^ (.^P? - P')p = ^ ip. - P)H^P. + P). 

Hence, p^ — ^pfp + P? = 0- 

or, cosS ^ - 3 (^s ^ -h 1 = 0. 

The equation for B ox p has three real roots, two of whicli only are 
admissible, and the solution will give, for the position of the dividing 
planes, 

p = 0.3473^,. 

Problem 3. — It is required to determine the volume of any Cone, 
of which the vertex coincides with the centre of a given ellipsoid, and 
which is bounded by that surface. 
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Let Y be the v^lame of the solid which it is the object of the ques- 
tion to determine ; then, 

V = V, + v.. 

Let a plane elliptic section, anywhere situated, be the base of the 
Cone, V^ its volume. If A is the area of the elliptic base, it has been 
shewn in (VII), (14), that, 

Prom the known expression for the volume of a cone, which has a 
plane base, 

••• ^' = Y^^pf-^^: 

Again, if Y, is the volume of the segment, contained between the 
elliptic base and the surface, we find from (X), (3), 

Hence, after the reductions requisite, we find, 

Cor. 1.— If ^ = 0, Y = ^ ^^ > as i* should be. 

3 
P ^ - Pn^ ^ —3—* 
so that this problem affords a determination for the volume of an ellipsoid. 

Cob. 2. — Let Y' be the volume of the semi-ellipsoid, then, 

^ \ r V. p, ^ P ', P, 

which cannot but be regarded as a singular and beautiful relation. 

V 
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Problem 4. — It is required to determine the volume of the solid, 
which is cut from a given ellipsoid by a Cylinder, of which the axis passes 
through the centre in any direction. 

Let each of the two equal and opposite place elliptic sections be repre- 
sented by A; then, if V^ is the volume included between these limiting 
sections and the lateral surface of the cylinder, 

V, = 2 kp. 

Let y, be the volume of the segments, intercepted between the two 
terminal elUptic planes and the surface ; 

If V is the volume which it is required to determine, including the elliptic 
cylinder, together with the two equal ellipsoidal segments, 

V = V, + v.; 

After the reductions requisite, it will be found that, 



V = 



__ 4 irahc p^ — p^ 



3 ^^3 



Cor. 1. — If y_ is the volume of the whole eUipsoid, the last formula 

will give the singular relation, 

V : V :: pj^ - f : j,f. 
Cob, 2. — A being the area of the elliptic base, 

V = 44^14 X A. 

If ^ =: 0, in this last expression, the ellipsoid is enyeloped by the 
cylinder, then 

V = \{tp,k). 
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2 

consequently, as in the spbere, the ellipsoid is equal in volume to — of 

any circumscriUng cylinder. 

Cor. 3. — Fiom this it appears, that the volume of a cylinder^ in any 

3 

position, circumscribing the ellipsoid, is constant, and equal to — - the 

2 

volume contained by the circumscribed surface. 

(XII.) To determine the mass of any segment, when the density of 
each parallel section varies as a given fraction of its distance from the 
centre of the ellipsoid .^ 

If p and d M are the density and mass of an infinitessimal section A, 
then, from (X), page 140, ^M = p dV ; 

.-. M + C =%^C(^^-p^pdp. (1) 



trabc C 9 



Cor. — Let /x be the co-efficient of density, and suppos«5 the density 
of each parallel section to vary as p^ ; then we have, 

M + C = ^^^^^ (^ + 3)i?g-(;? + l)p^ ^^ .^. 

Vf (^ + 1) (^ + 3) ^ • ^ ' 

(XIII.) The formulae which have been established in this chapter 
suffice to determine many questions of interest relating to the Attraction 
of an Ellipsoid, upon a particle situated externally or internally ; several 
of which will be now considered. 

(XIV.) It is required to ascertain the attraction of a plane lamina, of 
very small thickness and uniform density, upon a particle anywhere situ- 
ated ; the attractive force being directly proportional to the mass of the 
attracting elementary molecules, and to their distance from the particle 
attracted. 

Let t and p be the thickness and density of the lamina. 

Let any point O, figure 5, be taken as origin ;••»« the particle attracted; 
w Q a perpendicular upon the plane. 

Take ^A as any elementary area at a point P; ^F the attraction at. 
«? A on »t in the direction m Q. 
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The attraction at (f A iu the direction m P is, 

mass y. mY = ptd A. x mV; 
and, after this is resolved at right angles to the plane, writing m Q = it. 
d'F = ptdk X mQ, = kptdk; 
Integrating between given limits, we have, therefore, 

F = ^p^ X A. 
If M is the mass of A, M = ptk\ 

:. F = M*. (1) 

Hence it appears that the attraction towards the lamina ia constant, 
wherever the particle attracted may be situated in a plane parallel to the 
lamina. The attraction is, further, the same as if the particle were 
placed in the vertical passing through any point O, figure 5, and attracted 
by the whole mass of the lamina, supposed to be concentrated in that 
point. 

(XV.) It is required to determine the attraction of any segment of 
an Ellipsoid, upon a particle anywhere situated ; when the attractive force 
varies directly as the mass of each plane section parallel to the base« and 
directly as the distance of that section from the point of attraction. 

Let A be the elliptic area of any plane section ; 
p the perpendicular drawn to it from the centre j 
jp^ the perpendicular upon a tangent plane parallel to the section. 

Then, A = ^ ^p^ ^ p^). 



P. 



Let h be the perpendicular drawn from the centre upon a plane which 
includes the particle attracted and is parallel to the section A ; it a per- 
pendicular from the particle upon the section : so that, 

k = h — p. 
consequently, d^ = "^^^ (Ji—p) W—f) pdp i 

F + C = '^^(h'-p){p?-'f)pdp. (2) 
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(XVI.) An ellipsoid, of uniform demity^ attracts a particle anywhere 
situated ; the attractive force varying with the distance of the attracted 
particle from each parallel section : the position of the plane sections iu 
regard to direction being entirely arbitrary. It is required to ascertain 
the attraction of a segment or frustum of the solid. 

Since the density is constant, we find from (2), (XV) ; 

^ + C = ^^|^{4Ai.(3i;3^;.2)_ 3^(2^2.^2)1 . (i) 

Cob. — When the integral (1) is taken between the limits — p^ and 
H- j?^ , it will be found that, 

F = ^JLP^h. (2) 

It appears, therefore, that the attraction is the same, according to this 
law, as though the whole solid were condensed into a particle of equal 
mass at its centre. 

(XVII.) The variable section of the surface may be supposed to move 
parallel to a tangent plane which includes the attracted particle ; and this 
can take place in an infinite variety of ways. It is required to ascertain 
the attraction, under these circumstances. 

(1.) — Let the limiting section be central ; then, from (1), (XVI), 

If we consider the attraction of half the solid, the second limit of 
pv^Pt't and, by the hypothesis, we have, also, h •=^ p^\ 

•• -^ ■" "~T2 ^'* 

(2.) — ^From (XIV), page 147, it appears that the supposition here made 
is equivalent to that of placing the particle attracted upon the surface ; 
and we have for a particle so ^tuated, when. 
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jo^ = a ; Greatest attraction = ^^ — on the major axis.^ 



12 



p, — bi Mean „ = *\ 



^2 „ mean 



p, = c; Least „ = ^^^ ^ „ ^<w^ „ 

G : M : L :: a : d : c. 



(XVIII.) In the preceding sections the attraction of the semi-ellipsoid 
which is nearest to the particle has been considered; it is required to 
ascertain the attraction of the remoter half of the solid. 

In order to this the integral (1), (XVI), must be corrected between 
the limits — jPy, 0. Hence, if F, is the attraction of the remoter half 
solid, and F^ that of the nearer half, 

F, = "^ (8A - ip,). r. = ^-P^ (%h + ip,). 

Cob. 1. — If the particle is placed anywhere on the surface, h = p^ ^^ 
then, 

T^ ^ir pa h n ^^ Httd ahc 

^, = —- IT— ^'- ^'^ = — i|— ^'• 

/. F, : F, :: 5 : 11. 

CoK. 2. — From the general expressions for F^ and F, it appears that, 
in any half of the ellipsoid, the attraction is neutralised in a plane at the 

distance h =z —p^ from the centre ; p^ being the perpendicular upon a 

tangent plane drawn parallel to the base of the semi-ellipsoid. 

(XIX.) It is required to ascertain the attraction of the eighth part of 
an ellipsoid, bounded by the principal planes, on a particle anywhere situ- 
ated upon one of the principal axes. 
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The mass of a section parallel to one of the limiting planes is = 
■ ^ {j)f^ — p^) ; in which jp, has either of the values a, d, c i 

The integration from ^ = to ^ = ^^ will ^ive, 

By placing the particle, alternately, at each of the three vertices, and 
denoting by Fa Fb Fc the corresponding attractive forces, we find, 

^^ = S ^^ = 48 *« = 48 

(XX.) It is required to ascertain the resultant attraction of an ellip- 
soid octant upon a particle anywhere situated. 

Let Fa Fb Fc be the attractions towards the limiting planes. 

Let a j3 y be the co-ordinates of the particle, then, by (XIX), 

r. = "il^ (8a - 8a). Yy, = "LI^ (8)3 - 36). 

48 4o 

F„ = ^-I^ (8y - 3c). 

Hence, if F represents the resultant attractive force, the three attrac- 
tions being imagined to operate simultaneously, 

F = ^^^1^ { (Sa-3a)2 + (8)3-35)2 + (8y-3c)2 I * 

CoE. 1. — If a)3y are all negative, 

F = !^^^ |^(8a+3a)2 + (8)3+35)2 + (8y+3c)2 J * 

Hence it appears that, for constant values of a )3 y, the attractive force 
upon the particle is greatest when it is placed in this position ; and, 
generally, it has greater intensity when the particle is placed towards 
either of the plane faces of the solid. 
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Cor. 2.— If o^y are respectively = 0, the attracted particle ia 
placed at the angle of the octant; in thid case the resultant attractive 
force is, 

Cor. 8. — Tlia^attraction is zero when, • 

a ^ -a; ^ = _3; y = -c; 

but it may be shewn that these co-ordinates indicate the centre of gravity 
of the octant : when, therefore, a particle is placed at that point, the 
attraction upon it is neutralised. 

CoR. 4. — Let a^ Pj y^ be co-ordinates of the partide, measured from 
the centre of gravity ; then, 

F = ILP^ (a? + PJ^ + y^\ 

= mass of the solid x distance of the attracted 
particle from the centre of gravity. 

The solid, therefore, attracts with the same force as though it were 
condensed into a molecule at the point of neutral attraction. 

Cor. 5. — Let 8 be i*^ the distance of the attracted particle from the 
point of neutral attraction ; ff>\\f the inclinations of this line to the 
principal axes : then, 8 = 2i(8a — 3a)^, and we find, 

>j 8a--3a . 8^8—33 , 8y— 3c 

cos = r; . cos <p = -i--5 . cos l/r = -I— 

boo 
These expressions determine the line of action of the resultant attraction. 
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